
Handling

Generate rref by prefilter from δS and v

Stationary gain

krstat(v) =
v

�[1 + (v/vCH)2]
, v2

CH =
μcRcF�

2

m(cR�R − cF�F )

Relative degree δS → r is one

Relative degree δS → rref should also be one (avoid initial peak

in rref − r)

Prefilter

rref(s)

δS(s)
=
krstat(v)

1 + 0.1s
(6.5.18)

krstat(v)

1 + 0.1s

v

δS

−

s[1 + s(�DP − �F )/v]

s2 + 3s+ 1

δF

δR

Car

ayDP

r

MzD

δC

rref

Figure 6.26. Robust unilateral decoupling by feedback of r to δC .

Immediate reaction after step δS is as in conventional car.
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Fading effect

Driver assistance important for 0.5 to 1 second after disturbance

torque. Then corrective steering angle δC should return to zero.

Steady state response as in conventional car, i.e. δCstat = 0.

Decoupling controller

1 + s(�DP − �F )/v

s

Replace integrator 1/s by fading integrator

1

s
→ s

s2 + 3s + 1

0.5 2 4 6
0

0.1

0.2

0.3

0.4

t/s

Step responses

Integrator

Fading Integrator

Figure 6.27. The initial response of the fading integrator is the same as that of the integrator.
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Conclusions

krstat(v)

1 + 0.1s

v

δS

−

s[1 + s(�DP − �F )/v]

s2 + 3s+ 1

δF

δR

Car

ayDP

r

MzD

δC

rref

Figure 6.26. Robust unilateral decoupling by feedback of r to δC .

• Initial and final reaction like conventional car.

• Transients are decoupled for first 0.5 to 1 second, i.e. r non-

observable from ayDP , ayDP is driver controlled for path

tracking r is automatically controlled.

• Reduced yaw damping D(v) can be recovered by feedback

r → δR.

• Controller parameters derived structurally

Assignment only for D(v).
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Practical constraints

i. No rear-wheel steering,

ii. Linear actuator dynamics cause phase delay,

iii. Actuator rate limits, prevent limit cycles.

Feedback from rdec to δS destroys decoupling.

However factorization may be preserved, it allows to symbolically

calculate and assign yaw damping Ddes(v).

Theorem 6.12 (Ackermann)

A second feedback loop

δS(s) = δS ref(s) −
[
2Ddes(v)

√
m�DP
μcR

− �R + �DP
v

]
1 + TRs

1 + TFs
rdec(s),

with

TR =
mv�R
μcF�

, TF =
mv�F
μcR�

(6.6.2)

around the robustly decoupled system of Figure 6.25 assigns the

desired yaw damping characteristic Ddes(v) to the system. Both

the natural frequency ω0 dec =
√
μcR/m�DP and the lateral dy-

namics pole p�at(s) = s + μcF�/mv�R are invariant under the

feedback (6.6.1).

�
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Proof of Theorem 6.12

The proof proceeds in two steps:

1. It is shown that the control law

δS(s) = δS ref(s) − (Ddes(v) −Ddec(v))ω0 dec
2m�R
μcF�

p�at(s)

nardec(s)
rdec(s)

assigns the desired Ddes(v).

2. It is shown by substitution of ω0dec and ddec that (6.6.3) is

equal to (6.6.1), (6.6.2).

In the first step, the loop is closed with the plant

rdec(s) =
nSadec(s)nardec(s)

p�at(s)pyaw(s)
δS(s). (6.6.4)

A double cancellation of the two stable first order polynomials

p�at(s) and nardec(s) occurs, and the closed-loop characteristic

polynomial is

p(s) = p�at(s)nardec(s)

[
pyaw(s) + (Ddes(v) −Ddec(v))

2m�R
μcF�

ω0 decnsadec(s)

]
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With pyaw(s) from (6.5.7) and nSadec from (6.5.10), the term in

square brackets becomes

s2 + 2Ddec(v)ω0 decs + ω2
0 dec + (Ddes(v) −Ddec(v))

2m�R
μcF�

ω0 dec
μcF�

m�R
s

= s2 + 2Ddes(v) ω0 decs + ω2
0 dec.

It has the desired damping characteristic Ddes(v) and the un-

changed natural frequency ω0 dec. Also, the factor p�at(s) of p(s)

is unchanged.

In the second step, ω0dec from (6.5.8) and Ddec(v) from (6.5.9) is

substituted in the control law (6.6.3) to obtain

δS(s) = δSref(s) −
(
Ddes(v) +

�R + �DP
2v

√
μcR
m�DP

)
2

√
m�DP
μcR

1 + TRs

1 + TFs
,

which agrees with (6.6.1).

�

The dynamic part of the controller (6.6.1) is

1 + TRs

1 + TFs

For the typical understeering car cR�R− cF�F > 0, i.e. TR > TF ,

the additional controller has high-pass behavior (lead-lag filter).
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Limit cycles

Experiments with feedback of r and ayDP showed oscillations at

low speed.

Analysis: Limit cycles due to rate limitation.

Plant: BMW 735 i single-track model

+ second order actuator dynamics

+ robust decoupling

+ negative feedback of ayDP with gain 1.8.

Nyquist plot with negative-inverse describing function of rate

saturation.

−4 −2 −1 0 2 4
−12

−10

−8

−6

−4

−2

0

2

f
act

→ ideal

f
act

=2Hz             

−1/N
a
                  

Re

Im

Figure 6.28. Reconstruction of steering limit cycles at v = 5 m/s, μ = 1 with additional
feedback of lateral acceleration

Limit cycle with f = 1.26Hz, i.e. ω = 2π1.26 Radian s−1

R/A = 0.97s−1

in agreement with experimental results.
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1

s

1

s

Gf (s)

--

R

−R

rs

rs

δCref δrlδ̇Cref δaδ̇arref − r

rate limiter

Figure 6.34. Nonlinear controller enhancement of the fading integrator

Specification of actuator bandwith

a
/(2π)=1Hz

a
/(2π)=2Hzw

w

5 70

0.1

0.8
1

v [m/s]

μ

Q

Figure 6.35. Limit cycle Θ-stability boundaries in the (v, μ)-plane
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Automatic car steering

Reference:

Guiding wire or permanent magnets on lane center, or video cam-

era image processing.

Controller input is deviation from lane center

�

�

R2

M1

M2
R1

Figure 6.77. The reference path is comprised of circular arcs.

Vehicle motion modelled as small deviation from stationary cir-

cular path
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Extend single-track model by yaw angle and lateral displacement.

Figure 6.78. Vehicle heading and measured displacement y from the guiding wire in stationary
circular cornering.

ẏCG = v(β + Δψ) (6.8.1)

ẏ = v(β + Δψ) + �Sr (6.8.2)

Δψ̇ = ψ̇ − ψ̇t

= r − rst

= r − v�ref
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Extended state space model⎡
⎢⎢⎢⎢⎢⎣

β̇

ṙ

Δψ̇

ẏ

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
a11 a12 0 0

a21 a22 0 0

0 1 0 0

v �s v 0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

β

r

Δψ

y

⎤
⎥⎥⎥⎥⎥⎦ −

⎡
⎢⎢⎢⎢⎢⎣

0

0

v

0

⎤
⎥⎥⎥⎥⎥⎦ �ref +

⎡
⎢⎢⎢⎢⎢⎣
b11

b21

0

0

⎤
⎥⎥⎥⎥⎥⎦ δF

+

⎡
⎢⎢⎢⎢⎢⎣

1/mv 0

0 1/m�R�DP

0 0

0 0

⎤
⎥⎥⎥⎥⎥⎦

[
FyD

MzD

]
(6.8.4)

1

m�R �DP

b21
1

s

a22

1

s

v
1

s

�S

b11
1

s

1

mv

v

a11

�

�

a21

a12

MzD

ṙ r Δψ̇ Δψ

ẏ yδF

FyD

�ref

β̇ β

−

Figure 6.79. Block diagram of automatic steering with reference curvature �ref .
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y(s) =
n(s)

(a0 + a1s + s2)s2
δF (s) (6.8.5)

n(s) = b2s
2 + b1s + b0 (6.8.7)

b2 =
μcF��S
m�R�DP

+ v

b1 =
μcF
m�DP

[
v +

μcR�

mv�R�F

( ��S
�R�F

+ 1
)]

b0 =
μ2cRcF�

2

m2�F�R�DP

a0 =
μ

m�R�DP

[
μcFcR�

2

mv2
+ cR�R − cF�F

]

a1 =
μ

mv

[
cR + cF +

cR�R
2 + cF�F

2

�R�DP

]
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Controllability: Same condition as for single-track model

Observability from y

⎡
⎢⎢⎢⎢⎢⎣

cT

cTA

cTA2

cTA3

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 1

v �S v 0

o31 o32 0 0

o41 o42 0 0

⎤
⎥⎥⎥⎥⎥⎦

columns 3 and 4 yield rank 2 for v �= 0.

columns 1 and 2 increase rank to four for

o31o42 − o32o41 = − μ2�2

m2v�R�DP
�= 0

⇒ μ �= 0.

Observability decreases for high v.

Observability from r

det

[
cT

cT A

]
= det

[
0 1

a21 a22

]
= −a21 =

−μ(cR�R − cF�F )

m�R�DP

observability independent of v.

Additional measurement of r improves observability for higher v.
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�ref v2

s2

yref y
Path Tracking

u
Actuator

δF

FyD MzD

Car

yabs

Yaw Rate Feedback

− r

uref

Figure 6.81. Feedback structure for automatic car steering.

Industry experiments began in early 1980’s, rate sensors were

expensive gyros.

Second displacement sensor: yR

Feedback structures

1) MAN y and δF for feedback, v for gain scheduling,

yR for curvature estimation.

2) Daimler-Benz

a) y, yR, δF for feedback

b) only y for feedback

3) Proposal Ackermann (1990)

y and r for feedback

4) PATH y, yR and r for feedback,

curvature �ref with preview encoded

in magnets.
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Hydraulic actuator without position feedback

Transfer function 1/s

G(s) =
b(s2 + b1s + b0)

(s2 + a1s + a0)s3
(6.8.14)

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
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σ

jω
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+

+

��

��

0.01

0.1

0.350.7

0.03

0.0
04

0.0
2

0.1

Figure 6.83. Root locus of an automatic car steering system with proportional feedback of
the front displacement from the guideline.
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Linear controller structure

Attract RHP branches by two fine-tuned controller zeros

δF (s) =
k1 + k2s + k3s

2

(1 + s/ω0 + s2/ω2
0)(1 + s/ω0)

y(s) (6.8.15)

Relative degree one to reduce high-frequency noise from guiding

wire reference.

Low frequency interpretation:

k1 proportional

k2 derivative

k3 second dervative

Controller structure is lean: Tune only k1, k2, k3, ω0.
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Specifications

i) Less than 2cm track deviation on a straight lane without

wind, less than 15cm under sidewind of 20m/sec.

ii) Less than 15cm peak deviation after entering a curve.

iii) Observing the |δ̇| ≤23 degree/sec steering rate constraint

also in the worst case of entering a narrow parking bay.

iv) Smooth transition from manual to automatic control.

v) Keep the lateral acceleration below 2m/sec2 for passenger

comfort.

can be met by Γ−stability

( σ

0.35

)2

−
( ω

1.75

)2

= 1 , σ < −0.35

Design steps

δF (s) =
k1 + k2s + k3s

2

(1 + s/ω0 + s2/ω2
0)(1 + s/ω0)

y(s) (6.8.15)

Start with high bandwidth ω0 = 100.

Stepwise reduction narrows Γ−stable k1−range.

Fix ω0 = 25, k1 = 0.6

Map ∂Γ to (k2, k3)−plane

Intersect admissible regions for four vertices of Q.
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Figure 6.84. Set of Γ-stabilizing controllers
for m̃ = 9950 [kg], v = 3 [m · s−1], ω0 = 25,
k1 = 0.6.
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Figure 6.85. Set of Γ-stabilizing controllers
for m̃ = 9950 [kg], v = 20 [m · s−1], ω0 = 25,
k1 = 0.6.
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Figure 6.86. Set of Γ-stabilizing controllers
for m̃ = 32000 [kg], v = 20 [m · s−1], ω0 = 25,
k1 = 0.6.
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Figure 6.87. Set of Γ-stabilizing controllers
for m̃ = 32000 [kg], v = 3 [m · s−1], ω0 = 25,
k1 = 0.6.
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Figure 6.88. Simultaneously stabilizing set for the extremal plants for ω0 = 25, k1 = 0.6.
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Figure 6.89. Simulation of a transition from manual to automatic steering for v = 20 [m · s−1]
and m̃ = 32000 [kg].
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