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Abstract

Repetitive peripheral magnetic stimulation (RPMS) is an innovative approach in treatment of central paresis, e.g. after stroke. In this article we

present a neuromuscular model for the RPMS-induced isometric muscle contraction. This model is the basis for our two recent goals in research:

improvement and assessment of the RPMS therapy by means of position controlled induction of functional movements and with automated system

identification based therapy evaluation. In order to adapt the model parameters to the individual a nonlinear on-line system identification method is

proposed. Physiological systems may be complex and detailed so that in many cases macroscopic models of the dominant characteristics are built.

Therefore, mathematical descriptions of these models and respective parameter identification methods have to cope with uncertainties. This paper

presents a separable nonlinear regression model of Hammerstein structures that maximizes the possibility of incorporation of a priori knowledge

and is still flexible to structural uncertainties. A robust on-line identification method based on the Levenberg–Marquardt algorithm is presented that

works in a reduced parameter space, due to the separability of the model equation.

# 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

A central paresis of the arm and/or hand, e.g. after stroke,

reduces the quality of life dramatically. Studies on large clinical

cohorts, using standard therapeutic methods, showed that

approximately 90% of stroke patients have persistent hemi-

paresis of the upper extremities, and in 30–40% the paresis is so

severe that the affected limb can not be used any more. This

data emphasizes the necessity of innovative approaches in

rehabilitation of central paresis.

Cortical reorganization abilities form the basis of relearning

lost motor functions. In order to activate a beneficial

reorganization process, the lost proprioceptive input should

be reactivated. Currently, physiotherapy aims to achieve such

an activation through externally applied movements. Inducing

the lost movement via muscle stimulation results in a higher

proprioceptive input which corresponds closer to the lost

voluntary action patterns. Ultimately, this leads to an increase

in the therapeutic effect [1].

In this context functional electrical stimulation (fES) is a

well-known method. Though the fES activates somatosensory

nerve fibers a major drawback consists of the equal activation of

the cutaneous receptors. Apart from leading to pain this may

also result in an additional increase in spasticity. Hence, the use

of fES for therapeutic purposes appears limited, see e.g. [2].

In order to achieve a deeper penetrating, focused and

painless stimulation we use the new method of repetitive

peripheral magnetic stimulation (RPMS) (see Fig. 1). The

repetitively applied field impulses are sinusoidal half-waves

with a fixed duration of 100 ms and a variable amplitude called

stimulation intensity.

The therapeutic concept of RPMS is the activation of a

reorganization process by inducing a proprioceptive input to the

central nervous system (CNS), physiologically corresponding

to the lost input during active movements, e.g. [1]. In clinical

experimental studies [3] on spasticity, cognitive functions,

cerebral activation, stiffness around the elbow joint and goal-
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directed motor performances, it was shown, that the

sensorimotor dysfunctions due to brain lesions can improve

remarkably with the application of RPMS.

Our current research focuses on the improvement and the

assessment of RPMS-therapy.

Fig. 2 summarizes our main aims:

� Optimization of the proprioceptive inflow by inducing

position controlled functional movements with multiple

coils.

� Time continuous tracking of patient parameters like level of

spasticity and muscle fatigue based on system identification.

As a basis for these research goals a neuromuscular model of

the RPMS-induced muscle contraction has to be developed.

Modeling and identification of the muscle contraction behavior

has already been investigated for fES (see e.g. [4–6]). Since

there are fundamental differences in pulse shape as well as in

pulse propagation of fES and RPMS, the induced muscle

responses might also differ from one another.

For extraction of patient parameters during therapy, the

system has to be identified under non-isometric conditions. For

this purpose the system input u (magnetic field pulses) and the

system output y (joint angle of the respective limb) have to be

measured and used to adapt the parameters of an underlying

model by minimizing the output error. Time varying

components of this plant are muscle fatigue and spasticity.

In [7] a pilot study on spasticity quantification during RPMS is

described. In this article, an identification under isometric

condition is considered where the length of the stimulated

muscle is nearly unchanged and the muscle force is the

measured system output. Under isometric conditions the force

generation of a stimulated muscle can be investigated

separately. This is an important basis for further research.

Having the above mentioned applications in mind, the

identification of isometric muscle contractions has been

implemented as on-line algorithm, too.

Models of physiological systems often have a macroscopic

character since the underlying microscopic (e.g. biochemical)

processes may be too complex for a detailed model. Therefore,

parts of the models may be inconsistent with the real plant

which leads to structural uncertainties. The mathematical

formulation of model equation has to address these uncertain-

ties by making use of a priori knowledge as far as it exists, and

be flexible with respect to system structure and parameters

where a priori knowledge is poor.

Further challenges in identification of physiological systems

are time variance and inter- and intrapersonal differences.

Hence, model parameters have to be adapted to the respective

subject, once a qualitative model is found.

In this paper, first a Hammerstein model (see Fig. 3) of the

RPMS-induced isometric muscle contraction is developed

based on experimental data taken from the musculus biceps

brachii. The obtained model yields qualitative knowledge about

the basic shape of nðuÞ and about order and time constants of

the LTI-system.

In order to adapt the model parameters to the respective

subject, a gray box identification approach has been developed

that is based on the separable nonlinear least-squares methods

[8,9]. The developed model equation approximates the static

nonlinearity of the Hammerstein structure by a parameterized

nonlinear function of similar shape. The LTI-system is

approximated by a truncated convolution sum. Hence, the

incorporation of a priori knowledge for the identification

process is maximized, without predefining the model order. For

robust on-line identification a modified recursive Levenberg–

Marquardt algorithm [10] is presented.

2. Isometric contraction model

The force generated by a muscle that is stimulated with

magnetic pulses under isometric conditions will be modeled.

According to the approaches used with fES [4] the dynamic

behavior (activation dynamics) as well as static behavior

(recruitment characteristics) will be analyzed. In order to obtain

experimental data, a setup as depicted in Fig. 4 has been used. A

stimulation coil (a surface electrode for fES, respectively) is

placed above the innervation area of the musculus biceps

brachii, and the force resulting from stimulation is measured

with a force sensor attached to the subject’s wrist. In order to

Fig. 1. Principle of the RPMS application.

Fig. 2. Overview of the main research goals.

Fig. 3. Hammerstein cascade: a block structured nonlinear system that consists

of a static nonlinearity in series with an LTI system.
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compare RPMS with fES, all experiments concerning the

activation dynamics have been accomplished with electrical

stimulation as well. For RPMS, the maximum stimulation

intensity of 100% corresponds to a magnetic flux density of

approximately 2:0 T. For fES, maximum stimulation intensity

was achieved with a pulse width of 200 ms and a stimulation

current at the maximum tolerable threshold of pain of the

respective subject.

2.1. Activation dynamics

The activation dynamics denote the dynamic force response

FðtÞ of the respective muscle due to stimulation uðtÞ. First, we

investigate the dynamics of a muscle twitch caused by a

single stimulus and derive an appropriate LTI-model

GaðsÞ ¼ FðsÞ=uðsÞ. Important parameters are the time delay

T l between the peripheral stimulus and the mechanical muscle

response as well as the structure, order and time constants Ta of

GaðsÞ.
In order to determine the time delay T l force responses to

single magnetic pulses have been analyzed. The raw force

signal FrawðtÞ shows an artifact due to the strong magnetic

pulse. The maximum of this artifact is taken to determine

the particular time of the peripheral stimulus. The start of the

muscle twitch is defined as last positive zero crossing of ḞðtÞ.
The time derivative ḞðtÞ is obtained by numerical differentia-

tion of the filtered signal FfilteredðtÞ. In order to avoid phase

shift, forward–backward filtering has been applied with the

moving average filter FfilteredðtÞ ¼
PN

k¼0 Frawðt � kT sÞ, N ¼ 8,

T s ¼ 1 ms. In order to determine the average time delay T̄l,

3698 data sets of 8 healthy subjects (aged from 20 to 32 years)

with different stimulation intensities and pulse widths have

been evaluated.

The results are summarized in Table 1. A significant

dependency of T l on the stimulation intensity and stimulation

pulse width, respectively, could not be shown.

As a model of the force response, in fES related work

typically a second-order transfer function with two identical

real poles at �1=Ta is proposed. In the following, a transfer

function of n th order with identical real poles is considered.

The poles have to be real, since no oscillations in the force

responses have been observed. Hence, we obtainas transfer

function G0aðsÞ and as time domain equation of its step response.

When normalizing the time domain Eq. (1) so that the

maximum value is 1 the modeled force response can be written

as

F̂ðTa; tÞ ¼
ðtÞn�1

e�ðtÞ=Ta

ððn� 1ÞTaÞðn� 1Þ e�ðn�1Þ : (2)

Thus, the normalized function F̂ðTa; tÞ can be compared

with the normalized force response FðtÞ=Fmax , whereas Fmax is

the maximum value of the respective measured muscle twitch.

In order to evaluate the approximation of Eq. (2), the quadratic

error

EðTaÞ ¼
XN

k¼0

�
F½k�
Fmax

� F̂ðTaÞ½k�
�2

(3)

is defined, whereas N is the length of the truncated force

response and k ¼ t � f s is the discretized time after sampling

with the sample rate f s. The optimal time constant Ta;opt is

computed by minimizing EðTaÞ with a recursive search algo-

rithm. 3143 data sets with different stimulation intensities and

pulse widths have been evaluated. First, it could be shown that

neither with fES nor with RPMS the pulse width of the applied

stimuli has any significant effect on Ta, which is explicitly

explained in [11]. Fig. 5 shows the minimized quadratic errors

Emin dependent on the normalized peak value Fmax =Fmax ;100%,

whereas Fmax ;100% is the maximum value of the force response

that has been generated at maximum stimulation intensity uðtÞ
at each subject.

Fig. 5 shows that a transfer function with identical real poles

models the muscle twitch generated by RPMS better than the

muscle twitch generated by fES. In both cases the fourth-order

transfer function does not yield significant improvement

compared to the third-order model. Therefore, the model order

is chosen as n ¼ 3. With Eq. (2) and with consideration of the

time-delay T l

GaðsÞ ¼ G0aðsÞ e�sT l ¼ Ta;opt

2e�2

1

ð1þ sTa;optÞ3
e�sT l (4)

is obtained as description of the activation dynamics of a single

muscle twitch.

In order to analyze the dispersion of the parameter Ta

between the individual subjects, data of 12 additional subjects

has been recorded. 2984 data sets of in total 20 subjects (aged

from 20 to 35 years) have been evaluated. The average time

constants T̄a;opt;i of each subject and its standard deviations

sTa;opt;i have been calculated. The results are summarized in

Fig. 4. Measuring the force response under isometric conditions during RPMS

and during fES, respectively. A small focusing fES-electrode has been placed

above the m. biceps brachii. The indifferent electrode has been placed at the

dorsal side of the upper arm.

Table 1

Time delay T l, mean value T̄l and mean standard deviation s̄T l
over all subjects

Electr. stim. Magnetic stim.

T l (ms) 20.83–28.24 6.28–14.63

Mean value T̄l (ms) 24.4 9.45

s̄T l
(ms) 3.05 1.12

M. Bernhardt et al. / Biomedical Signal Processing and Control 2 (2007) 180–190182
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Table 2. It can be seen that Ta varies a lot between the individual

subjects, but the standard deviations within the particular

subjects are small. The average time constants of all data sets

are T̄a;opt = 36.62 ms for fES and T̄a;opt = 38.44 ms for RPMS.

Finally, the derived model is enhanced for repetitive

stimulation. When applying repetitive stimuli the force responses

begin to merge which results in a partial or complete tetanus

(Fig. 6). This effect is called temporal summation. The pulse rate

f rep will be expressed as krep ¼ f s= f rep. Based on Eq. (2)

the discretized force response to a single magnetic stimulus can

be written as

F̂½k� ¼
0 for k< 0
ðkT sÞ2 e�kTs=Ta

4T2
a e�2

for k� 0

8<
: (5)

and for the temporal summation it follows

F̂rep½k� ¼
X1
i¼0

F̂½k � ikrep�: (6)

From Fig. 6 it can be seen that in steady state, the

superposition has a periodic part and a constant part ˆ̄Frep. The

constant part ˆ̄Frep can be calculated as the average value of

F̂rep½k� over one repetition period at steady state. Assuming that

a muscle twitch is certainly decayed after 1 s or k ¼ f s=1 Hz,

and hence, the steady state of the superposition (6) is reached

(see also Fig. 6), ˆ̄Frep results in

ˆ̄Frep ¼
1

krep

Xkrep�1

k¼0

X1
i¼0

F̂½k � ikrep þ
f s

1 Hz
� � 1

krep

Xf s=1Hz

k¼0

F̂½k�: (7)

In Fig. 7 force responses of isometric muscle contractions

with different repetition rates are depicted. It can be seen, that

the constant values in steady state differ from those in Fig. 6

despite normalization with respect to the maximum peak value

Fmax ;100% measured at the muscle twitch of a single stimulus.

This is due to the so-called nonlinear pulse rate dependent

temporal summation. In Ref. [12] this is ascribed to the so-

called ‘‘doublet effect’’. To simplify the model structure this

nonlinearity will be taken into account by modeling the

nonlinear recruitment behavior in the subsequent section. For

further analysis this nonlinearity will be compensated by

normalizing the recorded muscle forces with respect to

their respective constant values F̄rep. Fig. 8 shows that the

average muscle contraction can be modeled very well with a

reference function that has the average time constant

Ta ¼ T̄a;opt ¼ 38:44 ms.

2.2. Recruitment behavior

The recruitment behavior describes the spatial summation of

activated motor units and is mainly dependent on the

stimulation intensity u. Since the nonlinear temporal summa-

tion has also to be taken into account, the recruitment behavior

will be described with the two-dimensional function rðu; f repÞ.
In order to determine rðu; f repÞ the steady state force F̄rep has

Fig. 5. Minimized quadratic errors Emin dependent on the normalized peak value Fmax =Fmax ;100%.

Table 2

Average time constants T̄a;opt;i with standard deviation sTa;opt;i

Electr. stim. Magnetic stim.

T̄a;opt;i (ms) 22.58–53.22 26.71–49.81

sTa;opt;i
ims 1.04–5.21 0.99–5.88

Fig. 6. Principle of temporal summation. During therapy, the repetition rate is

typically chosen to f rep ¼ 20 Hz since this choice yields a good compromise

between force generation and coil heating [11]. Fig. 7. Measured force response induced by RPMS at various pulse rates f rep.

M. Bernhardt et al. / Biomedical Signal Processing and Control 2 (2007) 180–190 183



Author's personal copy

been recorded under isometric conditions at intensities u from

0% to 100% and pulse rates f rep from 15 Hz to 35 Hz. The

results are depicted in Fig. 9. F̄rep has been normalized with

respect to F̄rep;max (measured at maximum stimulation intensity

(100%) at a stimulation frequency of f rep ¼ 20 Hz) in order to

obtain the relative recruitment. The experiment was conducted

with seven healthy subjects and 882 data sets have been

evaluated.

For the modeling approach it is assumed that the recruitment

field of Fig. 9 can be analytically formulated as

rðu; f repÞ ¼ ruðuÞr f ð f repÞ (8)

where ru describes the recruitment dependent on the stimula-

tion intensity and r f describes the component dependent on the

repetition rate.

For the first factor of (8) the approximation (proposed in Ref.

[13])

ruðuÞ ¼ b1ððu� uthrÞÞarctan ðathrðu� uthrÞÞ

� ðu� usatÞarctan ðasatðu� usatÞÞ þ b2 (9)

is used.

Similar to ru the dependency of the recruitment behavior on

the stimulation frequency has been determined. The formula

r f ð f repÞ ¼ d1

�
f rep � ð f rep � f satÞ

�
�

1

p
arctan ðgsatð f rep � f satÞÞ þ 0:5

��
þ d2

(10)

approximates the average nonlinear recruitment rrec; f . In order

to approximate the measured recruitment field the parameters

of Eqs. (9) and (10) have been adapted manually (Table 3). The

comparison of the of approximation (Fig. 10) with the mea-

sured recruitment field (Fig. 9) yields a good accordance.

2.3. Complete model

In order to obtain a complete model of the muscle contraction

with RPMS the components of Sections 2.1 and 2.2 are integrated

in a common model. Since the recruitment represents the number

of recruited motor units, and the activation dynamics model the

time response of the twitch of the respective motor units it seems

appropriate to choose the order of the models as depicted in

Fig. 11. This Hammerstein structure is also assumed for fES

related models. Since the increase of the generated muscle force

by increasing the repetition rate f rep is already considered by the

relative recruitment model ru,rep, the overall model has to be

normalized by the repetition rate dependent constant part
ˆ̄Frepð f repÞ. Taking this into consideration the overall model

equation is

F̂rep;r½k� ¼ F̂rep½k � kl�
rðu; f repÞF̄rep;max

ˆ̄Frepð f repÞ
(11)

whereas ˆ̄Frepð f repÞ is obtained by evaluating eq. (7) at krep

= fs=f rep and with the discretized latency kl = ROUND(Tl=Ts).

Fig. 8. Isometric muscle contraction induced by RPMS with f rep ¼ 20 Hz. The

thick line is the mean measured contraction over all subjects.

Fig. 9. Measured recruitment behavior.

Table 3

Parameters of Eqs. (9) and (10) to approximate the average relative recruitment

of RPMS

uthr usat f sat athr asatgsat b1d1 b2d2

ru 48% 98% 5 4 0.738 0.539

r f – 25 Hz – 0.05 0.0597 �0.321

Fig. 10. Modeled recruitment.

Fig. 11. Model of the induced muscle contraction in Hammerstein structure.

M. Bernhardt et al. / Biomedical Signal Processing and Control 2 (2007) 180–190184
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3. System identification

The parameters of the developed Hammerstein model do not

only vary between subjects but depend on parameters like

fitness, coil positions, etc. Therefore, a system identification

method is proposed which adapts the model to a particular

subject. The process of system identification can be divided into

two steps: choice of the model structure and the model

equation, respectively, and choice of parameter identification

algorithm. In the following, basic definitions of this context will

be briefly reviewed. Then, an identification method using a

combination of a separable nonlinear regression approach with

parameter reduction by means of orthonormal basis functions

and a numerically robust modified recursive Levenberg–

Marquardt algorithm is presented.

The parameter adaptation algorithms are derived in discrete

time domain. Since all algorithms are implemented under

quasi-continuous conditions (sample time Ts ¼ 1 ms), the

signal flow charts and transfer functions are expressed in

continuous time and Laplace domain.

3.1. Model equation

3.1.1. Separable nonlinear regression model

A general discrete time equation of a nonlinear dynamic

system with the output estimate ŷ½k� can be written as

ŷ½k� ¼ cðj½k�; uÞ (12)

where c is a nonlinear function, j½k� is the so-called input

regressor, u a vector of the model parameters and with k ¼ t=T s.

If cðj½k�; uÞ is of the form cðj½k�; uÞ ¼ jT ½k� � u, i.e. the equa-

tion is linear in the parameters u, a linear regression model is

obtained. In this case, linear least squares methods can be

applied for parameter identification. If the model Eq. (12) is

nonlinear in its parameters u, a nonlinear regression model is

obtained and nonlinear local optimization methods have to be

used for parameter identification. If the model (12) is linear

function of some parameters and a nonlinear function of the rest

it can be written as

ŷ½k� ¼ jTð½k�; unnÞ � ul: (13)

The parameter vector can be divided in linear parameters ul

and nonlinear parameters un. This kind of model structure is

called separable nonlinear regression model. For parameter

identification one can make use of the separability feature

which is explained in Section 3.2.1.

The most common structures of the input regressor j½k� are

j½k� ¼ ½u½k� u½k � 1� . . . u½k � nu��T, j½k� ¼ ½y½k� y½k � 1� . . .

y½k � ny��T and j½k� ¼ ½y½k� y½k � 1� . . . y½k � ny� u½k� u½k � 1�
. . . u½k � nu��T with the input and the output of the plant u½k�
and y½k�. According to the choice of the input regressor a (N)FIR,

(N)AR or (N)ARX model is obtained. Good overviews and

introductions on this topics can be found in Refs. [14,15].

3.1.2. Hammerstein cascade as separable nonlinear

regression model

A Hammerstein cascade is a block structured system

consisting of a static nonlinearity nðuÞ in series with a linear

dynamic element (Fig. 3). The LTI-system can be approximated

as truncated convolution sum ŷ½k� ¼
Pm

i¼1 h½i�vðu½k � i�Þ with

the truncated impulse response h½i�. A main drawback of the

convolution sum is the high number of m parameters which also

depends on the sample time Ts. In order to reduce the number

of parameters, h½i� is expressed as a linear combination of

orthonormal basis functions (OBFs) [15] with a reduced set of

parameters uh:

h½i� ¼
Xmr

l¼1

uh; l r l½i�: (14)

If the nonlinearity is approximated by a function that is

linear in its parameters, such as a polynomial or a radial basis

function network, a linear regression model for the entire

Hammerstein cascade can be developed (e.g. [16]).

Approximating the nonlinearity nðuÞ with a function

gðug; uÞ that is nonlinear in its parameters ug (ug 2R p�1), a

separable nonlinear regression model can be obtained. The

derivation in detail: using OBFs as parameter reduction

method (Eq. (14)) and with u ¼ ½uT
h uT

g �
T

the model output can

be written as

ŷðu; u½k�Þ ¼
Xm

i¼1

Xmr

l¼1

uh;lrl½i� � vðu½k � i�Þ

¼
Xm

i¼1

Xmr

l¼1

uh;lrl½i� � gðug; u½k � i�Þ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
g½k�i�

¼
Xmr

l¼1

uh;l

Xm

i¼1

rl½i�g½k � i�

¼
Xmr

l¼1

uh;lðrl½0�g½k� þ . . .þ rl½m�g½k � m�Þ: (15)

With g½k� ¼ ½g½k� . . . g½k � m��T and with u½k� ¼ ½u½k� . . . u

½k � m��T it follows

ŷðu; u½k�Þ ¼
Xmr

l¼1

uh;lðg½k�TrlÞ ¼ uh;1g½k�Tr1 þ . . .þ uh;mr
g½k�Trmr

¼ ½g½k�Tr1 . . . g½k�Trmr
�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

jTðug;u½k�Þ

uh ¼ jTðug; u½k�Þuh: (16)

Thus, a NFIR model is obtained that is parameterized with

pþ mr parameters.

3.2. Parameter identification algorithm

The optimal parameters umin are defined by the least squares

problem

umin ¼ arg min
u

VðuÞ (17)

M. Bernhardt et al. / Biomedical Signal Processing and Control 2 (2007) 180–190 185
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where the cost functional V is typically defined as

VNðuÞ ¼
1

2N

XN

k¼1

e2ð½k�; uÞ (18)

with the output error eð½k�; uÞ ¼ y½k� � ŷð½k�; uÞ. In the off-line

case the quadratic sum (18) is calculated from a fixed data set of

N input–output pairs ðy½k�ju½k�Þ. In the case of on-line identi-

fication where in each iteration a new data sample is available

the criterion

VkðuÞ ¼
1

2

Xk

t¼1

lk�t e2ð½k�; uÞ (19)

is considered where 0< l< 1 is the forgetting factor that

determines the decay of past data samples. If a linear regression

model is used, the optimization problem (17) can be solved by

using linear least squares optimization which always leads to

the global minimum. In the case of a nonlinear regression

model local nonlinear optimization has to be applied. For

separable nonlinear regression models Golub and Perreyra

developed the so-called separable least squares algorithm [8]

(SLS-algorithm) which will be briefly explained in the follow-

ing section.

3.2.1. Separable least squares algorithm

With the vector/matrix notations

y ¼
y½1�

..

.

y½N�

2
64

3
75and FðunÞ ¼

jTðun; u½1�Þ
..
.

jTðun; u½N�Þ

2
64

3
75 (20)

the functional (18) of a separable nonlinear regression model

(13) can be rewritten as

VNðuÞ ¼
1

2N
ky�FðunÞulk

2
2: (21)

With this notation it is easy to see that if we knew

the nonlinear parameters un the linear parameters ul could

be calculated by solving the linear least squares

problem

ul ¼ FðunÞ
þy: (22)

By replacing ul in (21) with (22), a new cost function

ṼNðunÞ ¼
1

2N
ky�FðunÞFðunÞ

þyk2
2 (23)

is obtained, where the linear parameters have been eliminated.

Golub and Perreyra set up the following theorem (proof see

[8]):

If un;min is a minimizer of ṼNðunÞ, and ul;min ¼ Fþðun;min Þy,

then, umin ¼ ½uT
l;min uT

n;min �
T

also minimizes the original cost

function VNðuÞ and thus, ṼNðun;min Þ ¼ VNðumin Þ.
Therefore, the SLS-algorithm divides the calculation of umin

in two steps:

1. Minimize ṼNðunÞ in order to obtain un;min .

2. Use the optimal value un;min to calculate ul;min with linear

regression according to Eq. (22).

Hence, the minimization using an iterative nonlinear search

algorithm can be accomplished within a reduced parameter set.

In Ref. [17] it could be shown that it always converges faster

than the minimization of the full functional.

3.2.2. On-line parameter identification with modified

recursive Levenberg–Marquardt algorithm

One of the most successful iterative local optimization

methods for nonlinear least squares problems is the Levenberg–

Marquardt (LM) algorithm (see e.g. [18]). In Ref. [10] a

recursive variant for on-line adaptation is introduced, and in

Ref. [19] the methods of [10] are combined with the SLS-

algorithm. In this section it will be shown how this algorithm

has been modified in order to make it numerically robust, when

dealing with redundantly or almost redundantly parameterized

model equations. Such problems may arise if there are

parameters that have locally only little influence on the model

output in a region around the minimum.

First, the derivations in Refs. [10,19] are briefly summar-

ized: consider the cost functional (19) and let u½k� be the latest

available estimate that minimizes Vk�1ðuÞ. The goal is, to

compute u½k þ 1�. Therefore, the second-order Taylor expan-

sion L is considered as model of the behavior of Vk in the

neighborhood of the current estimate u½k�:

VkðuÞ� LkðuÞ ¼ Vkðu½k�Þ þ V 0kðu½k�Þ½u � u½k��

þ 1

2
½u � u½k��TV 00k ðu½k�Þ½u � u½k��: (24)

In order to find u½k þ 1�, the minimum of the quadratic

model function L is computed by setting L0 ¼ 0. Hence, the

parameter update

u½k þ 1� ¼ u½k� � ½V 00k ðu½k�Þ�
�1

V 0kðu½k�Þ
T

(25)

is obtained. Since the load for computation of V 0k and V 00k will

increase every time a new data sample is available, recursive

formula for V 0k and V 00k are introduced, that can be reviewed in

Ref. [10].

With these recursive formula the parameter update can be

written as

u½k þ 1� ¼ u½k� þ H½k��1cð½k�; u½k�Þe½k� (26)

and

H½k� ¼ lH½k � 1��1 þ cð½k�; u½k�Þcð½k�; u½k�ÞT: (27)

whereas H½k� is an approximation of the Hessian matrix V 00k ðuÞ
and cð½k�; uÞ ¼ @=@uðŷð½k�; uÞÞ. The derived algorithm corre-

sponds to the off-line Gauss–Newton (GN) method and is called

recursive GN method. By replacing H½k� with the scaled

identity matrix 1=m½k�I a recursive gradient search is obtained

with the step length m½k�. By modifying H½k� to R½k� ¼ H½k� þ
d½k�I a LM update is accomplished. The damping factor d½k�
decides whether to make an update step in GN direction (small

d½k�) or a small step in gradient direction (big d½k�). In order to
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adapt d½k� the second-order approximation of (24) is evaluated

with the gain ratio

g ¼ Vkðu½k�Þ � Vkðu½k þ 1�Þ
Vkðu½k�Þ � Lkðu½k þ 1�Þ ¼

ra

rp

(28)

of the actual reduction ra and the predicted reduction rp of the

cost function. For the on-line identification we propose the

following update rules:

� If 0< g< z, the approximation Lk is bad, hence, increase d

according to d½k þ 1� ¼ k � d½k� in order to update u½k�more in

gradient direction.

� If g< 1� z, the approximation Lk is good, hence, decrease d

according to d½k þ 1� ¼ d½k�=k in order to update u½k�more in

gradient direction.

� If g< ¼ 0, the update step would increase the cost function,

hence, discard the parameter update and adjust d½k þ 1�
¼ k � d½k�.

The design parameters z and k are typically chosen as

0< z< 0:5 and 1< k< 1:1. In the off-line case a search

algorithm is stopped, when the minimum is found. The on-line

algorithm keeps running, since the location of the minimum

might change. This may lead to nearly singular matrices R½k�
close the minimum, especially, when the cost function Vk has a

plateau-like shape in a region around the minimum. If the

model equation ŷðu; u½k�Þ is overparameterized R½k�will always

be singular at the minimum, since there exists an infinite

number of solutions. But also with nearly redundant

parameterization (little influence of some parameters on the

model output) numerical problems might appear. In order to

avoid singularities, it is proposed to evaluate a condition

number of R½k� before its inversion. The condition number sr½k�
is calculated as the ratio sr½k� ¼ max ðSi½k�Þ=min ðSi½k�Þ of the

largest and the smallest of the singular values Si½k� of R½k� (see

e.g. [20]). Hence, before the parameters u½k� are updated, the

following rule is applied

� If sr½k�> j the diagonal elements of R½k� will be increased by

adjusting d½k� to d½k� þ ds.

The threshold j and ds have been chosen to j ¼ 1000 and

ds ¼ 0:1.

If the functional (23) is formulated according to the criterion

(19) the recursive modified LM-algorithm can be applied to

identify the nonlinear parameters un of an SLS-problem. The

linear parameters are identified by solving Eq. (22) at every

iteration by means of a recursive least squares algorithm. For an

extensive derivation the reader is referred to [21,19].

3.3. Identification of RPMS-induced isometric muscle

contraction

The parameter identification of the qualitative model

introduced in Section 2 has been accomplished at the musculus

extensor indicis proprius (index finger extensor) according to

the output error configuration depicted in Fig. 12 using the

modeling and identification methods described in Sections

3.1.2 and 3.2.2. In the following, firstly simulation results are

shown in order to demonstrate the capability of the identifica-

tion approach and secondly results with experimental data are

given in order to show the applicability the real plant.

3.3.1. System excitation

The magnetic field pulses are applied at a constant repetition

rate f rep ¼ 20 Hz. Hence, the identified recruitment behavior

is a function of the stimulation intensity only. The duration of a

magnetic pulse is 100 ms and hence, the input signal u½k� can be

approximated as discrete Dirac delta pulse train with a

repetition rate krep:

u½k� ¼
X1
i¼0

a½k�d½k � ikrep� (29)

The amplitude of the Dirac delta pulses (i.e. the stimulation

intensity) is modulated with the factor a½k�. For simulative

identification, a½k� is a uniformly distributed random variable

with 0% 	 a½k� 	 100%. During the real experiments, a

sinusoidal change (periodic time: 9 s) of the intensity between

0% and 100% is preferred, because the subjects had difficulties

to relax the stimulated muscle during randomly changed

intensities. Since the spectrum if a Dirac delta function is 1, the

chosen input excites all frequencies of the plant. For nonlinear

systems it is further required that all frequencies are excited in

combination with all input amplitudes. Random as well as with

sinusoidal change of intensity meet this requirement and hence,

the system input can be considered as rich enough to cover all

operating conditions of interest.

3.3.2. Model parameterization

The static nonlinearity nðuÞ is approximated with the

recruitment model (9) with gain b1 ¼ 1 and offset b2 such that

rður; 0Þ ¼ 0. The gain parameter b1 can be chosen constant,

since the overall gain of the Hammerstein model can be adapted

with the parameterization of the LTI system. The parameter

vector is chosen to ur ¼ ½usat uthr asat�T. Due to its small

influence on the shape of r, the parameter athr has been chosen

Fig. 12. Output error model for isometric parameter identification.
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constant to athr ¼ 6. Hence, we obtain

rður; uÞ ¼ ðu� ur;1Þarctan ð6ðu� ur;1ÞÞ

� ðu� ur;2Þarctan ður;3ðu� ur;2ÞÞ

þ ur;1arctan ð�6ur;1Þ � ur;2arctan ð�ur;3ur;2Þ:
(30)

As OBFs, distorted sinusoidal functions are used, since weakly

damped systems as well as strongly damped systems can be

described with this type of functions [22,23]. The basis func-

tions R̃2Rmr�m are defined by

r̃l½i� ¼
1ffiffiffiffiffiffiffiffiffi
m=2

p sin

�
l p

�
1� exp

�
�ði� 0:5Þ

h

���

8 l ¼ 1; . . . ;mr and 8 i ¼ 0; . . . ;m

(31)

whereas m is the length of the truncated convolution sum, mr the

number of basis functions and h2R is the so-called form factor

that adapts the basis functions to the system dynamics. The

function R̃ are orthonormalized by a Cholesky decomposition

according to R ¼ ðCTÞ�1
R̃ with CT C ¼ R̃ R̃

T
and R2Rmr�m.

3.3.3. Simulative results

In order to test the capabilities of the proposed algorithms, a

simulated contraction model has been identified. The plant

parameters have been chosen to uthr ¼ 48%; usat ¼ 98%;asat ¼
4 and Ta ¼ 38:44 ms. The design parameters of the identifica-

tion algorithm have been chosen according to Table 4. The

initial parameter estimates ur½0� and uh½0� are set to ur½0� ¼
½40% 90% 3�T and uh½0� ¼ 0. Fig. 13 shows the parameter

swarms during the recursive identification. In Fig. 14 the

reconstruction is depicted. The algorithm converges after

approx. 36 s and after this period the relative output error

ē ¼ jF � F̂j=jFj is below 0.1%.

3.3.4. Experimental results

For the experimental identification in total 8 data sets of two

different subjects have been identified. Since little change of the

position or orientation of the coils has a big effect on the

recruitment behavior, every subject has been stimulated with

two slightly different coil positions. Two data sets at each

position have been recorded. This change of position should be

reflected in the identification result of the recruitment behavior

r. Since the stimulation sequences have not been longer than

90 s no notable muscle fatigue appears and hence, the plant can

be considered as time invariant. The design parameters of the

identification algorithm are summarized in Table 5. In order to

make it easier to interpret the results of the reconstruction, the

identified impulse responses h½i� are normalized such that the

stationary value ˆ̄Frep of the estimated force is 1, when activated

Table 4

Choice of design parameters for simulative identification

Modified LM-algorithm

d½0� 0.001

H½0� 0<Hi; j½0�< 0:0001;

random uniform distribution

l 0.99

k 1.002

z 0.02

j 1000

ds 0.01

OBFs

h 120

m 350

mr 8

Fig. 13. Parameter swarms during simulated identification of the isometric

force generation.

Fig. 14. Reconstructed identification results of the simulated output error

configuration.

Table 5

Choice of design parameters for experimental identification

Modified LM-algorithm

d½0� 0.001

H½0� 0<Hi; j½0�< 0:0001;

random uniform distribution

l 0.999

k 1.002

z 0.02

j 1000

ds 0.01

OBFs

h 45

m 350

mr 8
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with magnetic pulses of f rep ¼ 20 Hz and with a stimulation

intensity of 100%. According to Eq. (7) this value can be

calculated as ˆ̄Frep ¼ 20 Hz � T s

Pm
i¼0 h½i� so that the normal-

ization factor Knorm can be calculated as Knorm ¼ 1= ˆ̄Frep. In

order to maintain the overall gain of the Hammerstein plant, the

respective reconstructed recruitment r has to be multiplied by

Knorm. Hence, the curve Knorm � rðuÞ directly indicates the

stationary RPMS-induced muscle force depending on the

stimulation intensity and with f rep ¼ 20 Hz.

The initial parameter estimates ur½0� and uh½0� are set to

ur½0� ¼ ½40% 90% 10�T and uh½0� ¼ 0. Fig. 15 shows an

exemplary parameter swarm during the recursive identification.

In Figs. 16 and 17 the reconstruction of the eight data sets is

depicted. The obtained nonlinear parameters ur are summar-

ized in Table 6.

The parameter adaptation converges after approx. 80 s and

after this period the relative output error ē ¼ jF � F̂j=jFj is

below 1.5%.

3.4. Discussion

The proposed system identification allows a direct

identification of the parameters of the qualitative model

described in Section 2. Therefore, unlike approximating the

nonlinearity with a polynomial or a artificial neural network,

the identified parameters have an interpretable meaning and it is

easier to chose good initial values, based on experience about

what is physiologically suggestive. Furthermore the usage of a

priori knowledge is maximized. Since the considered optimiza-

tion problem is not convex and a local optimization method is

used, the choice of initial parameters is essential for

convergence to the global minimum. With simulations it could

be shown that if the initial values are within a physiological

reasonable area, the algorithm converges to the global

minimum.

However, the incorporation of a priori knowledge results in

small gradients of the error valley of the cost function VkðuÞ and

to a locally redundant parameterization. These problems have

been addressed with the proposed modified recursive Leven-

berg–Marquardt algorithm. When identifying with real data

sets a relative output error of 1–1.5% is remaining. This is

mainly due to model inconsistencies. The Hammerstein model

is only a macroscopic approximation, that represents the

dominant characteristics of the plant. The recruitment model

rður; uÞ, e.g. has only three adaptive parameters and hence, a

perfect approximation of the recruitment is not possible.

However, looking at the identification results of the experiment

with slightly different coil positions, obviously, the main

characteristics of the recruitment behavior can be modeled and

identified. The non-ideal recruitment model, non-ideal iso-

metric conditions during the experiment, the simulated latency

T l, uncomplete voluntary relaxation of the subjects during

the experiment, etc. are model uncertainties that can not be

reproduced by the idealized Hammerstein structure. Hence, the

recursive least squares algorithm tries to compensate for these

inconsistencies and yields an impulse response h½i�, that is

Fig. 15. Exemplary parameter swarm during identification of the isometric

force generation with real data sets.

Fig. 16. Reconstructed recruitment characteristics Knorm � r of two subjects.

Each subject has been stimulated twice at two slightly different coil positions.

Fig. 17. Reconstructed impulse responses h½k�=Knorm of two subjects.

Table 6

Identified parameters ur of eight data sets

Subject 1 Subject 2

Coil pos. 1 Coil pos. 2 Coil pos. 1 Coil pos. 2

uthrð%Þ 65.70 64.7 64.7 68.8 63.7 66.2 67.2 64.8

usatð%Þ 85.5 86.9 87.5 87.5 81.7 87.4 83.9 93.1

asat 13.9 13.7 16.2 10.7 8.7 3.8 10.4 13.2

Two subjects have been stimulated four times, whereas the coils position has

been slightly changed after two stimulation sessions.
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unphysiological. Therefore, it can be concluded, that the

proposed approach allows to extract the important character-

istics of the recruitment function at the cost of an insufficient

identification of the impulse response.

4. Conclusion

A good model is only as detailed as necessary to sufficiently

approximate the interesting characteristics of the original. The

proposed algorithm identifies the main characteristics of the

recruitment behavior and the system gain despite inconsis-

tencies due to the idealized model. For our two main research

goals position controlled movement induction and system

identification based therapy monitoring, this is a sufficient

model of the RPMS-induced muscle contraction. The devel-

oped on-line parameter identification can be applied during

stimulation which is essential for an on-line monitoring of the

patient parameters. In order to develop a spasticity quantifica-

tion during stimulation, the proposed methods have to be

enhanced for the non-isometric case, where the respective limb

(e.g. the index finger) is moving. In this case the muscle force

cannot be measured directly, and the joint angle of the limb is

the system output (see e.g. [7]). Instead of estimating the force

from position data, in Ref. [7] a neural observer [24] has been

used in combination with a linear regression model for the

RPMS-induced muscle contraction. In order to make use of the

advantages of the SLS-identification, in the next step of

ongoing research the presented methods will be combined with

a neural observer.
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