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Abstract— In this paper a novel approach for the con-
trol of networked control systems (NCS) to achieve input-
output stability independent of constant time delay, using
the concepts ofL2 stability is proposed. Main feature is a
special linear transformation of the input-output space of
the controller and the plant. The transformed signals (linear
combinations) are sent over the network. Main result of this
paper are sufficient stability conditions for general, input-
feedforward-output-feedback-passive nonlinear systems. For
the linear case with known transfer functions neccessary and
sufficient conditions are given.
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I. I NTRODUCTION

The motivation of the work presented here comes from
networked control systems (NCS), where the plant and the
controller are spatially separated, and connected through
a communication network, see e.g. [1] for an overview.
One of the major advantages associated with the use
of communication networks for signal transmission in
control systems is flexible reconfiguration: Nodes can be
added or removed without additional wiring effort. The
number of active nodes sharing the communication line
has an effect on the communication parameters in terms
of communication time delay, packet loss, and available
communication bandwidth. In consequence, these commu-
nication parameters may not be known exactly or not at all
during the controller design stage. In this work the problem
of unknown, constant time delay is addressed. Main contri-
bution is a novel method to input-output stabilize NCS with
unknown, constant time delay. The plant is represented by
an input-output relation, that can be nonlinear and time-
varying.

It is well-known that time delay in a closed control loop
degrades performance and can lead to instability. In the
rich literature on time delay systems mostly state-space
approaches are considered, see [2], [3] for an overview.
The time delay input-output approaches in [4], [5] assume
the time delay to be known. Input-output approaches for
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linear systems with uncertain time delay are considered
in [6], [7]. The classical small gain result requiring the
open loop system to have a gain less then one is known
to be rather conservative; e.g. systems with integrators in
the open loop cannot be considered. In consequence, the
tracking performance to a reference input is generally poor.

In this paper an input-output approach is adopted, in
lines with [8], [9]. In these seminal works conditions
for the open-loop behavior of feedback components are
provided that guarantee stability of the feedback intercon-
nection. The main result is stated as follows: “If the open
loop can be factored into two suitably proportioned, conic
relations then the closed loop is bounded.” The small gain
theorem and passivity become special cases.

In our approach we assume plant and controller to be
input-feedforward-output-feedback-passive (IF-OFP) rela-
tions such that stability for the closed loop system is
guaranteedwithout time delay, i.e. the open loop can be
factored into suitable conic sectors [8]. The class of IF-
OFP systems is very general also including certain “well-
behaving” unstable systems. The key idea is to transmit
a linear combination of input and output variables (by
transformation) instead of direct communication. As a
result the IF-OFP property of the plant is preserved through
the network independently of the time delay; the closed
loop system is stable. Interpretation in terms of conic
sectors: By input-output transformation the IF-OFP conic
sector is rotated such that a non-conservative finite gain
L2 condition is satisfied for the transformed input-output
relations. In fact, we show that the small gain condition is
satisfied in the transformed loop, i.e. stability is achieved
for arbitrarily large, constant time delay. Interesting prop-
erties of the resulting NCS are that the design goals for sta-
bility, performance and, insensitivity with respect to time
delay uncertainty do not rely on knowledge of the time
delay value. Compared to the standard small gain approach
the controllers can be tuned rather aggressively similar
to the casewithout time delay. The resulting tracking
performance is good in a large time delay range. In case of
passive subsystems, the proposed approach is equivalent to
the well-known scattering transformation [10], [11] widely
used for the stabilization of teleoperation systems.

II. PRELIMINARIES

In this paper dynamical systems are considered from an
input-output point of view most generally as a causal input-
output mapping operator. Notation definitions and some
known facts are given in the following.
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A. Notation

Let L m
2e denote the extendedL2 space of time functions

of dimensionm with support on[0,∞). We consider causal
mappingsh : U → Y , where U and Y are appropri-
ate subspaces ofL m

2e and h(t = 0) = 0. The system is
supposed to be well defined in the sense that to each
element inU an element inY is associated. Let‖u‖
denote theL2 norm of a piecewise square-integrable
function u(·) : R+ → R

m with R+ being the set of non-
negative real numbers andRm the Euclidean space. The
truncation of u(·) up to the timet is denoted byut(·).
The inner product of the truncated signalsut , yt is denoted
by 〈u,y〉t , hence‖ut‖2 = 〈u,u〉t . For later analysis of linear
time-invariant (LTI) systems, we denote by|G|∞ the H∞
norm of the transfer functionG.

B. Input-Output Stability

Among the variety of input-output stability notions we
consider finite gainL2 stability in this paper.

Definition 1: A dynamical systemh is said to be finite
gain L2 stable if there exists a positive constantγ ∈ R+

such that for each admissibleu∈ U and each t ∈ [0,∞)
we have [12] ‖yt‖ ≤ γ‖ut‖. (1)

The feedback components in this paper are assumed to
be input-feedforward-output-feedback-passive (IF-OFP).

Definition 2: A dynamical systemh is said to be input-
feedforward-output-feedback-passive (IF-OFP) if there ex-
ist constantsδ ,ε ∈ R such that for each admissibleu∈ U

and each t ∈ [0,∞) we have [12]

〈u,y〉t ≥ δ‖ut‖2 + ε‖yt‖2. (2)

In physical interpretation〈u,y〉t represents the external
energy flow into the system up to the timet. The above
input-output description is a generalization of the passivity
concept. Ifδ = ε = 0 then the system is passive, i.e. it does
not generate energy. Ifδ = 0 andε > 0 the system is called
output feedback strictly passive and ifδ > 0 andε = 0
input feedforward strictly passive. In both these cases the
system dissipates energy. If one or both of the valuesδ ,ε
are negative then there is a shortage of passivity in the
system. The system can generate energy, but this energy
is bounded by the squaredL2 norm of the input and/or
the output signal. Note, that IF-OFP is a special case of
dissipativity with a special quadratic supply rate [13]–[15].

One important stability result for closed loop systems
comes from the IF-OFP property of its subsystems. Con-
sider two IF-OFP systemshp and hc satisfying (2) with
someδi ,εi with i ∈ {p,c}.

Proposition 1: The negative feedback interconnection
of hp andhc is finite gainL2 stable if

εc +δp > 0 and εp +δc > 0.

Proof: See [12].

Clearly, some of theδi ,εi can be negative if compensated
by other positive values. Within the passivity formalism
this can be interpreted as balancing passivity shortage and
excess passivity between subsystems.

III. PROBLEM FORMULATION

We consider a system consisting of a planthp : Up → Yp

and a controllerhc : E → Yc as mappings from the plant
input up ∈ Up ⊂ L m

2e to the plant outputyp ∈ Yp ⊂ L m
2e

and from the control errore∈ E ⊂ L m
2e to the controller

output yc ∈ Yc ⊂ L m
2e, see Fig. 1. The control error is

defined ase= w−uc wherew∈W ⊂L m
2e is the reference

input and uc the lefthand side output of the communi-
cation channel. The plant is connected to the controller
through a communication network. In this paper we pro-
pose not directly to transmit plant (controller) output over
the communication channel, but a linear combination of
plant (controller) output and input. Here a memory-less
transformation is favored due to the limited computa-
tional power on the plant side. The considered constant
transformation matrixM ∈ R

2m×2m maps the plant input-
output zT

p = [uT
p yT

p ], zp ∈ Up×Yp, to the righthand side
transmitted valuessT

r = [uT
r vT

r ]; analogously for the con-
troller side

sr = Mzp and sl = Mzc (3)

with zT
c = [yT

c uT
c ], zc ∈ Yc×Uc the lefthand side com-

munication input-output,sT
l = [uT

l vT
l ] the lefthand side

transmitted values, see Fig. 1. Note that forM = I2m,
with I the identity matrix, the standard approach without
transformation is recovered.

The network is modelled as a forward time delay oper-
ator hT1 (plant to controller channel) and backward time
delay operatorhT2 (controller to plant channel) with time
delaysT1 andT2, respectively. Accordingly, the relation be-
tween inputs and outputs is given byhT1 : ur(t) = ul (t −T1)
and hT2 : vl (t) = vr(t −T2). Thus, the valueul is trans-
mitted over the forward channel and arrives delayed by
the time delay T1 at the plant, now denoted byur ,
analogously for the backward channel. It is assumed
that ul (t) = 0 ∀t ∈ [−T1,0] and vr(t) = 0 ∀t ∈ [−T2,0].
For further reference we define the following 3 subsys-
tems:vr = h1(ur), uc = h2(yc), andul = h3(vl ), see Fig. 1.

Throughout the paper we assume that the closed
loop system is well posed, i.e. for each input sig-
nal w ∈ W there exists a unique solution for the sig-
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Fig. 1. NCS with input-output transformation.
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nalse,uc,yc,ul ,vl ,ur ,vr ,up,yp that causally depends onw.
Further, we assume the following system properties:

1) The time delaysT1 and T2 are arbitrarily large but
constant.

2) Plant hp and controllerhc are IF-OFP withδi ,εi

with i ∈ {p,c} satisfying Proposition 1, i.e. the feed-
back interconnectionwithout time delayis finite
gain L2 stable.

Clearly, under these assumptions considering the stan-
dard approach, i.e.M = I , the closed loop system can be
unstable. This can easily be verified as shown e.g. in [10]
for passive subsystems. The main result of this paper
is a delay-independent finite gainL2 stability condition
for the closed loop system of any plant-controller pair
satisfying assumption 2) together with the input-output
transformation. The result is constructive with respect to
the design of the transformationM.

IV. M AIN RESULT

For convenient notation we consider a single-input-
single-output plant and controller in the following,
i.e. m= 1. Where non-ambiguous, the time argumentt
is dropped for convenience of notation. Before the main
result is stated some technical lemmas are given. All proofs
are in the Appendix.

Lemma 1:Without loss of generality the domain
of δ ,ε in IF-OFP systems (2) is considered
by Ω = Ω1∪Ω2 with Ω1 = {δ ,ε ∈ R|δε < 1/4}
andΩ2 = {δ ,ε ∈ R|δε = 1/4;ε > 0}.

Accordingly, from now on we consider(δ ,ε) ∈ Ω.
Lemma 2:Consider the expressions

α(θi) = sin(θi)cos(θi)−
δp

b
cos2(θi)− εpbsin2(θi)

β (θi) = α(θi)+
δp

b
+ εpb

(4)

where θi , i ∈ {1,2} are the two solutions
of cot(2θ) = εpb−δp/b in the interval [−π

2 , π
2 ], b > 0,

and (δp,εp) ∈ Ω. Then the following statements are true:
- α(θ1),β (θ1) > 0 andα(θ2),β (θ2) < 0 if (δp,εp) ∈ Ω1,
- α(θi) = 0, β (θi) > 0 if (δp,εp) ∈ Ω2.

We are now able to state our main result. The transfor-
mation matrixM is parameterized as a rotation matrixR
and a scaling matrixB

M = RB with

R=

[

cosθ sinθ
−sinθ cosθ

]

; B =

[ √
b 0

0 1√
b

]

,
(5)

with the rotation angleθ ∈ [−π
2 , π

2 ] and the scaling param-
eterb > 0, both constant. The mapping byM is a bijection;
it belongs to the class ofspecial linear transformations,
i.e. detM = 1, hence is non-singular, an inverse exists. For
the following stability result only the rotationR is crucial.
The scalingB gives an additional degree of freedom for
performance design aspects.

For the following consideration the closed loop system
is decomposed into the negative feedback interconnection

of subsystemh2 containing plant, time delay operators
and transformation, and the controllerhc, see Fig. 1. The
subsystemh2 can be shown to be IF-OFP. Moreover,
the following theorem gives necessary and sufficient con-
ditions for the exact preservation of the plant IF-OFP
propertiesδp, εp through the network to the subsystemh2

independent of the time delay.
Theorem 1:The subsystemh2 is IF-OFP withδp, εp if

and only if the following holds

cot2θ = εpb− δp

b
, (6)

and α(θ) ≥ 0. (7)
The second condition (7) merely defines one of the

two existing solutionsθ of (6) in the interval [−π
2 , π

2 ],
see Lemma 2. As this solution, denoted byθ ⋆, exists for
eachb > 0, this scaling parameter can be chosen freely
to meet performance requirements. Crucial point of the
proposed approach is that the input-output transformation
transforms the IF-OFP planthp into a finite gainL2 stable
subsystemh1 such that

‖vr,t‖ = ‖h1(ur,t)t‖ ≤ γh1‖ur,t‖ ∀t; γ2
h1

=
α(θ ⋆)

β (θ ⋆)
, (8)

holds where β (θ ⋆) is defined analogously
to (4), α(θ ⋆) ≥ 0 (7) and β (θ ⋆) > 0, see Lemma 2.
The derivation of the gainγh1 can be found in the proof
of Theorem 1. A constant time delay operator does not
alter the signalsL2 gain, i.e. its energetic properties,
during transmission, since it has aL2 gain equal to
one γT1 = γT2 = 1. The inverse transformationM−1 is a
bijection as well, and therefore the exact energetic plant
properties are recovered at the subsystemh2.

From this result it is straightforward to conclude finite
gain L2 stability of the closed loop system.

Corollary 1: The closed loop system with the transfor-
mation (5) and the transformation parameters satisfying
Theorem 1 is delay-independent finite gainL2 stable.

Thus, a bounded inputw∈ L2e implies a bounded
output yp ∈ L2e. Moreover, it implies all signals being
boundede,uc,yc,ul ,vl ,ur ,vr ,up,yp ∈ L2e, as shown in the
proof. As an important result, the feedback interconnection
of any controller-plant pair satisfying the finite gainL2

condition from Proposition 1without time delayis finite
gain L2 stable forarbitrary large time delayby using the
proposed transformation.

An interesting viewpoint gives the interpretation of The-
orem 1 from a small gain perspective. Therefore the closed
loop system is decomposed into the subsystemsh1, h3 hT1,
and hT2 where thetransmittedsignalsul , ur , vr , vl act as
inputs and outputs. The open loop system

hOL = h3◦hT1 ◦h1◦hT2 (9)

is considered withw = 0, see Fig. 1. From the previously
stated boundedness of all inputs and outputs it is clear that
there exists a finiteL2 gain γOL < ∞ such that

‖hOL(vl ,t)t‖ ≤ γOL‖vl ,t‖ ∀t, (10)
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Fig. 2. (a) The sector of an IF-OFP plant. (b) The sector of theplant
and the controller satisfying Proposition 1.

with γOL = γh3γT1γh1γT2 = γh3γh1. In fact, the system satis-
fies the small gain theorem in transformed coordinates.

Corollary 2: The open loop systemhOL has a
L2 gain γOL < 1.

As shown in the proof, the subsystemh3 has a
L2 gain γh3 with γ2

h3
< β (θ ⋆)/α(θ ⋆) as long as Propo-

sition 1 is strictly satisfied. Hence, with (8) the small gain
property in the communicated variables can be deduced. In
fact, with equality in Proposition 1, i.e. marginal stability,
also the open loop gain becomesγOL = 1. TheL2 gains
of the transformed subsystemsh1 and h3 depend on the
IF-OFP properties of plant and controllerγh1 = γh1(δp,εp)
andγh3 = γh3(δc,εc). More conservative, i.e. higher values
of δp, εp andδc, εc in Proposition 1 result in a smaller open
loop gain, hence higher stability reserve. Note, that the
small gain theorem is only satisfied for the mappings with
the communicated (transformed) variablesul , ur , vr , vl as
input/output, but not for the mappings with the (original)
control variablese,yc,up,yp.

Remark 1: In case of unstable plants the proposed ap-
proach locally pre-stabilizes in an input-output sense, by
the righthand input-output transformation. This becomes
clear from (8), where every IF-OFP planthp described
by (2) results in a finite gainL2 stable systemh1 after the
right hand transformation.

Remark 2:The proposed approach is straightforward to
apply for multi-input-multi-output plants, however, with
the restriction that plant inputs and outputs have the same
dimensionm. Current investigations include the extension
to systems with different input-output dimension.

Remark 3:For passive plants, i.e. withδ = ε = 0 in (2),
the proposed input-output transformationθ = π

4 is equiv-
alent the well-known scattering transformation [11], [16]
widely used for the stabilization of teleoperation systems.
Hence, the scattering transformation is a special case of
the proposed input-output transformation.

Remark 4: Instead of the time delay operator any other
causal operator with aL2 gain γ ≤ 1 can be inserted
without affecting the above stability result. In fact, many
scattering based approaches to cope with communication
effects such as time-varying delay [17], [18] and packet
loss [19], [20] are based on the small gain principle
within the scattering variable domain. These approaches
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Fig. 3. (a) Finite gainL2 stable system after applying input-output
transformation to the plant and controller from Fig. 2 (b). (b) eqivalentL2
gain sector of an IF-OFP system.

are straightforward to apply here.

A. Conic Sectors Interpretation

Conic sectors in the input-output space give a nice geo-
metrical intuition of IF-OFP systems behavior, see e.g. [8],
[9]. In a similar manner the input-output transformation
can be interpreted as a rotation and a scaling of conic
sectors as discussed in the following. For ease of discussion
a memory-less IF-OFP system is considered as plant even
though stability related notions are futile in this case. The
IF-OFP property (2) holds instantaneously, i.e.

upyp ≥ δpu2
p + εpy2

p, ∀t, (δp,εp) ∈ Ω. (11)

Geometrically, this equation describes a conic sector in
the up-yp-plane (including its in the origin mirrored part),
where the system input-output is instantaneously con-
fined to, see [8], [9] for a similar consideration. The
following results are mainly derived from (11) by pa-
rameterizing the plant input and output in polar coor-
dinatesup(t) = rp(t)cosθp(t), yp(t) = rp(t)sinθp(t) and
some straightforward mathematical manipulation.

A conic sector in the plane is described by its center-line
angle and its apex angle. The center-line angleθz for the
conic sector defined by (11) is the solution of

cot2θz = εp−δp, (12)

in the interval[0, π
2 ], and the apex angle 2θk,p the solution

of

cos2θk,p =
εp +δp

√

(1−4δpεp)+(εp +δp)2
,

with θk,p ∈ [0, π
2 ). At each time instantt the input-output

of a memory-less system lies within the conic sec-
tor θp(t) ∈ [θz−θk,p,θz+θk,p] or its mirrored counterpart,
see Fig 2 (a) for a visualization.

1) Sector Interpretation of Proposition 1:Given the
plant sector by (11) the finite gainL2 stability condition
determines the allowable controller sector. Using a similar
technique as in proof of Corollary 2, the allowable con-
troller sector is derived to beθc(t) ∈ (θz− θ̄k,p,θz+ θ̄k,p)
whereθ̄k,p = π

2 −θk,p. Note, that due to the strict inequality
in Proposition 1 the controller is confined to an open set in
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a sector with the same center-line as the plant, and comple-
mentary angle with respect to 180o. The larger the sector
of the plant is, the smaller the allowable sector for the
controller. The plant sector together with the for stability
allowable controller sector is visualized in Fig. 2 (b).

2) Input-Output-Transformation:By the input-output
transformation the IF-OFP plant with inputup and out-
put yp is transformed into a finite gainL2 stable subsys-
temh1 with input ur and outputvr . Observe that the center-
line angle for the IF-OFP plant given by (12) is equal to
the rotation angleθ ⋆ derived from Theorem 1 forb = 1,
i.e. without scalingB = I2. Considering a scalingb 6= 1
in the transformation the center-line of the IF-OFP plant
and controller sector changes to cot2θz = εpb−δp/b. This
is exactly the rotation angle given by Theorem 1 for the
general case with scaling. Thus, by the transformation the
sector of the plant is rotated such that the sector of the
subsystemsh1 has a center-line angle ofθz = 0. This,
however, is exactly the conic sector representation for finite
gainL2 stability, e.g. for the plant side in the transformed
coordinates‖vr,t‖ ≤ γh1‖ur,t‖. The apex angles 2θk,p, 2θk,c

of the plant and of the also rotated allowable controller
sector are invariant to the rotation though may have
changed due to scaling to 2θ ′

k,p, 2θ ′
k,c, they are related

to the L2 gain by tanθ ′
k,p = γh1 and tanθ ′

k,c = 1/γh1. The
allowable controller area thus, expresses the small gain
theorem of the open loop with the “rotated” subsystemsh1

andh3 as has been shown also in Corollary 2. The rotation
of the IF-OFP plant and controller from Fig. 2(b) to a finite
gain L2 stable system is visualized in Fig. 3(a).

For comparison the classical small gain approach is
discussed. For simplicityb = 1 is considered. Clearly,
the IF-OFP plant from Fig. 2 (a) can also be rep-
resented by anenlarged conic sector symmetric to
the up axis, as shown in Fig. 3 (b). For the open
loop gain γs

pγs
c = tan(θ s

k,p) tan(θ s
k,c) < 1 has to hold,

where |2θ s
k,p| ≥ |2θk,p| is the apex angle of the enlarged

conic sector for the plant. Accordingly, the stability allow-
able controller sector with apex angle|2θ s

k,c| ≤ |2θk,c| is
smaller than with the transformation approach, i.e. is more
conservative.

The main idea of the proposed approach can be sum-
marized as rotating the plant and controller conic sectors
to achieve a non-conservativeL2 gain representation in
the communicated signals compared to the classical small
gain approach. Arbitrarily large constant time delay does
not alter this representation.

Note, however, that Corollary 1 gives only a sufficient
condition for finite gainL2 stability as it relies on the
sufficient stability condition from Proposition 1. This can
be expected as only very few knowledge of the plant and
controller input-output relation is required. In the following
LTI systems withknowntransfer functions are considered
for plant and controller to obtain a necessary and sufficient
condition for delay-independent stability.

B. Stronger Stability Condition for Known LTI Systems

The LTI plant and controller are described by the
transfer functions

Gp(s) =
Yp(s)

Up(s)
, Gc(s) =

Yc(s)
E(s)

.

respectively, whereYp(s) andUp(s) represent the Laplace
transformations of the plant outputyp(t) and inputup(t),
and Yc(s) and Uc(s) the Laplace transformations of
the controller output yc(t) and input e(t). Accord-
ingly, G1(s),G3(s) denote the transfer functions describ-
ing the h1 and h3, respectively. The open loop transfer
function similar to (9) but without the time delaysT1,T2 ,
i.e. GOL(s) = G1(s)G3(s), is given by

GOL =
b2Gc +Gp−btan(θ)−bcot(θ)GcGp

b2Gc +Gp +bcot(θ)+btan(θ)GcGp
. (13)

where the Laplace variables is dropped for convenience
of notation. Delay-independent stability can be guaranteed
only if the small gain theorem is satisfied.

Corollary 3: The linear time-invariant closed loop sys-
tem is asymptotically stable independent of constant time
delay if and only if|GOL|∞ < 1.
Proof: The proof is straightforward by considering the
full open loop transfer function, i.e. including the forward
and backward time delay withT = T1 +T2, which clearly
satisfies the small gain theorem as

|GOLe− jωT |∞ ≤ |GOL|∞|e− jωT |∞ = |GOL|∞ < 1 .

This condition is necessary and sufficient. Applying
Theorem 1 leads to the more conservative stability re-
sult γh1γh3 = |G1|∞|G3|∞ < 1. The conservativeness comes
from the fact that most generally|G1G3|∞ ≤ |G1|∞|G3|∞
holds with strict inequality. Equality is given only if the
maximum magnitude ofG1 and G3 appears at the same
frequencyωmax= arg supω σ̄ [G1] = arg supω σ̄ [G3] with σ̄
the maximum singular value.

Under the restriction of Corollary 3, the controller and
the transformation can conjointly be designed in the LTI
case with known transfer functions; knowledge of the time
delay value is not required.

V. PERFORMANCEISSUES

In the following some performance issues as the steady
state behavior, and sensitivity to time delay uncertainty are
briefly discussed for LTI plants and controllers. The closed
loop transfer functionG(s) from the reference inputW
to the plant outputYp is computed by the transformation
equations (3) to be,

G(s) =
Yp(s)

W(s)
= G0(s)Gtr(s)e

−sT1 (14)

where

Gtr(s) =
1−GOL(s)

1−GOL(s)e−sT . (15)

with GOL from (13) and

G0(s) =
Gp(s)Gc(s)

1+Gp(s)Gc(s)
.
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The system can be seen as a series connection of the
standard closed loop systemG0 without time delay and
transformation andGtr describing the influence of the time
delay and the input-output transformation. be aggressively
designed without considering delay in the loop.

1) Steady State Behavior:The steady state behavior
with transformation and time delay is equivalent to the
steady state behavior without transformation and without
time delay as easily derivable by settings= 0 in (14)
and (15) resulting inG(0) = G0(0). For the nonlinear case
this can be observed from the steady state conditionsl = sr ,
hencezc = M−1sl = M−1sr = M−1Mzp = zp.

In terms of steady state error the proposed approach
clearly outperforms the standard small gain approach
which requires|Gc( jω)Gp( jω)| < 1,ω ≥ 0, i.e. free in-
tegrators in the open loop are not allowed. This leads
to a rather large steady state error, e.g.|e(t)|t→∞ > 1

2|w|
for a reference step inputw. In the proposed approach
free integrators in plant or controller do not necessarily
appear as free integrators inGOL (13). As a result delay-
independent stability can still be guaranteed by Corol-
lary 3. Further, since the steady state of the closed loop sys-
tem is not affected by the transformation, an integrator in
the plant or the controller will guarantee zero steady state
error. This can be easily demonstrated using examples,
e.g. Gp(s) = 1

s+1,Gc(s) = s+1
s(s+10) ,b = 1,θ = 30o satisfies

Corollary 3 and has zero steady state error.

2) Sensitivity with Respect to Time Delay Uncertainty:
The proposed approach guarantees delay-independent sta-
bility, in the following we show that by appropriate design
also the tracking behavior is rather insensitive to time
delay uncertainty. Low sensitivity to time delay uncertainty
means that a similar performance can be guaranteed in a
large range of time delay values. The sensitivity of the
closed loop system input-output behavior (14) with respect
to time delay is given by

SG∗
T =

T
G∗

dG∗

dT
= sTe−sT GOL

1−GOLe−sT ,

where G∗(s) = G0(s)Gtr(s) is the transfer function (14)
without the purely time shifting parte−sT1. The
sensitivity becomes low for smallGOL. Note that
this does not contradict the small gain stability
requirement for GOL from Corollary 3. Insensitiv-
ity SG∗

T = 0 can be achieved using a proportional con-
troller Gc(s) = 1

b tanθ , independently of the plant. This
follows straightforward from substitutingGc in (13) result-
ing in GOL = 0⇒ SG∗

T = 0⇒ Gtr(s) = 1. The closed loop
transfer function (14) reduces toG(s) = G0(s)e−sT1 with
the time shifting part having no effect on the transient
performance. However, a proportional controller usually
does not meet the performance requirements. Generally,
a compromise should be made between performance and
insensitivity with respect to time delay uncertainty.

3) Zero Time Delay Case:As the time delay reduces
to zero, i.e.T1 = T2 = T = 0, the system reduces to that
without input-output transformation, i.e.G(s) = G0(s) as
straightforward computable from (14) and (15). The state-
ment holds as well for the general nonlinear case. This is
interesting as the controller can compared to the standard
small gain approach be rather aggressively designed with-
out considering time delay. For zero time delay “nominal”
performance is recovered. Together with low sensitivity
this means that performance deteriorates gracefully for
increasing time delay.

In summary, the proposed approach shows significant
advantages over the standard small gain approach. In
fact, even delay dependent input-output approaches are
outperformed as shown in a forthcoming paper [21] in
theory and experiments. Here we demonstrate its efficacy
by a numerical example.

VI. N UMERICAL EXAMPLE

The goal of this example is to show stability and the
low sensitivity to time delay of the closed loop system
with the proposed transformation approach. The controller
is designed a-priori without considering the constant time
delay. The parametersb,θ are chosen afterwards according
to Corollary 3.

A stable LTI plant is considered with the transfer func-
tion

Gp(s) =
1

(0.5s+1)(0.1s+1)
.

A PI controller, heuristically tuned to give without time
delay a compromise between overshoot and rise time and
zero steady state error, is used

Gc(s) =
6(0.7s+1)

s
.

In order to achieve low time delay sensitivity in the low
frequency range the rotation angleθ is chosen as a function
of the scaling parameterb according to

SG∗
T (0) = GOL(0) = 0⇒ θ = cot−1(b), (16)

and the optimization problem

min
b

|GOL( jω)|∞,

is solved numerically for the intervalsω ∈ [10−2,103]
and b∈ [10−2,102] by carpet search using thefminbnd
function of the MATLAB optimization toolbox.
The result of the optimization isb = 0.4852 and
by (16) θ = 1.11(64.12◦). It is straightforward
to show that |GOL|∞ < 1 holds, i.e. the system
is delay-independently stable. The step responses
for different values of the round trip time
delay T ∈ {20, 40, 80, 200}ms in Fig. 4 show a graceful
performance degradation with increasing time delay when
the proposed approach is applied. As expected, without
transformation large oscillations occur with increasing
time delay; the system is unstable forT = 200 ms.
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Fig. 4. Step response of the system with and without the transformation
for various round trip time delay values.

VII. C ONCLUSIONS

This paper presents a novel input-output approach to
stabilize networked control systems in the presence of
arbitrarily large constant time delay. A linear combina-
tion of plant and controller input and output is trans-
mitted over the communication channel instead of the
direct plant and controller output. It is applicable to
all input-feedforward-output-feedback passive plants in-
cluding time-variant and non-linear systems. A sufficient
condition for finite gainL2 stability is derived for the
general non-linear case with largely unknown model; a
necessary and sufficient stability condition for LTI systems
with known transfer functions. The proposed approach
allows non-conservative controller design without consid-
ering time delay in the loop resulting in superior tracking
performance. Due to the low sensitivity to time delay
the performance remains good even for high time delay
values. In this sense the proposed approach outperforms
many other known time-delay input-output approaches.
Future research addresses optimal controller design, the
investigation of more general transformations and, the
varying time delay and packet loss problem.
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APPENDIX

Proof of Lemma 1: If δ ,ε ∈ Ω̄ = Ω3∪Ω4

with Ω3 = {δ ,ε ∈ R|δε ≥ 1/4;ε < 0}, and
Ω4 = {δ ,ε ∈ R|δε > 1/4;ε > 0}, degenerate cases
occur. In caseδ ,ε ∈ Ω3 multiplying (2) with ε < 0 and
taking the square complement it follows

λ (t) = ‖εyt −
ut

2
‖2 +(δε −1/4)‖ut‖2 ≥ 0, ∀t

which is satisfied for any pair u(τ),y(τ) since
(δε −1/4) ≥ 0 imposing thus no restriction to the system

input-output behavior. Analogously, in caseδ ,ε ∈ Ω4

the reformulation of (2) leads toλ (t) ≤ 0 which can be
satisfied only foru(τ) = 0 since(δε −1/4) > 0.

Proof of Lemma 2: If (δ , ε) ∈ Ω1, for the
two angles θi , i ∈ {1,2} it can be shown
that α(θi)β (θi) = 1

4 −δε > 0 meaning that α,β
have always the same sign for each angle, and
furthermore α(θ2) = −β (θ1),β (θ2) = −α(θ1) meaning
that α(θi),β (θi) have always different signs for the two
angle solutionsθi , i ∈ {1,2}. Combining the above the
first part of the lemma is proved.

If (δ , ε) ∈ Ω2 like before we
get α(θi)β (θi) = 1

4 −δε = 0 meaning that
some of α,β are zero and further-
more β (θi) = α(θi)+δ + ε ⇒ β (θi) > α(θi),
thusα(θi) = 0,β (θi) > 0.

Proof of Theorem 1:To be shown is that the energetic
input-output behavior, i.e. IF-OFP property withδp, εp,
of the plant is inherited to the subsystemh2, i.e.

〈yc,uc〉t ≥ δp‖yc,t‖2 + εp‖uc,t‖2. (17)

(sufficiency) Rewriting the IF-OFP condition (2) for the
plant in terms of the transmitted variablessr gives

∫ t

0
sT
r M−TSM−1srdτ ≥

∫ t

0
sT
r M−TDM−1srdτ (18)

with
S=

[

0 1
2

1
2 0

]

;D =

[

δp 0
0 εp

]

.

Subtracting the lefthand side from the righthand side we
get

∫ t

0
sT
r {ci, j}srdτ ≥ 0, i, j ∈ {1,2}, (19)

with the matrix{ci, j}
c1,1 = α(θ);

c1,2 = c2,1 =
1
2

cos2θ − (εpb− δp

b
)
1
2

sin2θ = ζ (θ);

c2,2 = −β (θ) = −α(θ)− δp

b
− εpb.

By inserting (6) intoc1,2, c2,1 we can rewrite (19)

α(θ)‖ur,t‖2−β (θ)‖vr,t‖2 ≥ 0,

hence the cross terms in the quadratic form are cancelled.
According to Lemma 1δp

b εpb = δpεp ∈ Ω, hence we can
chooseθi ∈ [−π

2 , π
2 ] such thatα ≥ 0,β > 0, see Lemma 2.

Thus, the subsystemh1, see Fig. 1, is finite gainL2 stable
with

‖vr,t‖ = ‖h1(ur,t)t‖ ≤ γh1‖ur,t‖ ∀t with γ2
h1

=
α(θ)

β (θ)
.

Taking further into account that the constant time
delay operator has anL2 gain equal to one and
using the assumption thatul (t) = 0 ∀t ∈ [−T1,0]
andvr(t) = 0 ∀t ∈ [−T2,0], we may state

‖ur,t‖2 ≤ ‖ul ,t‖2,

‖vl ,t‖2 ≤ ‖vr,t‖2, ∀t > 0.
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It follows that

α(θ)‖ul ,t‖2−β (θ)‖vl ,t‖2 ≥ 0.

Analogously to (18) we may rewrite the latter equation as
∫ t

0
sT
l M−TSM−1sl dτ ≥

∫ t

0
sT
l M−TDM−1sl dτ (20)

which expressed in the variablesyc, uc is nothing else
than (17). Fornecessityit only has to be shown that
without this cancellation the time delay alters the energetic
behavior of the subsystemh1. This is straightforward to
show for a counter example such asyp(t) = k ·up(t).

Proof of Corollary 1: We have to show that bounded in-
put w∈ L2e implies bounded outputyp ∈ L2e. By apply-
ing Proposition 1 to the closed loop system decomposed
into subsystemsh2 and hc it is straightforward that also
the signalsuc,yc,e∈ L2e. It remains to show that this
implies the plant outputyp ∈ L2e. Sinceul ,vl are linear
combinations ofuc,yc we haveuc,yc ∈ L2e ⇒ ul ,vl ∈ L2e.
The constant time delay operator is a finite gainL2

stable operator soul ,vl ∈ L2e ⇒ ur ,vr ∈ L2e. Since
againup,yp are a linear transformation ofur ,vr , we have
thatur ,vr ∈ L2e ⇒ up,yp ∈ L2e, i.e. there exists aγ < ∞
such that‖yp,t‖ ≤ γ‖wt‖ holds ∀t. Assuming the plant
output to be unbounded, i.e.yp /∈ L2e, results with
the same arguments as above in a contradiction to the
assumptionw∈ L2e.

Proof of Corollary 2:For the subsystemhOL it is straight-
forward to show that

‖hOL(vl ,t)t‖ ≤ γOL‖vl ,t‖

with γhOL = γh3γT1γh1γT2 = γh3γh1 since for the time
delay operatorsγT1 = γT2 = 1 holds. It remains to
show that γh3γh1 < 1. Substituting the transformation
equations (3) in (2) for the plant and using inequal-
ity kuy≤ |k|1

2(u2 +y2),k∈ R, an upper bound for theL2

gain of the subsystemsh1 is computed by

‖vr,t‖ = ‖h1(ur,t)t‖ ≤ γh1‖ur,t‖, with γ2
h1
≤ α(θ)+ |ζ (θ)|

β (θ)−|ζ (θ)|
The L2 gain γh3 of the subsystemsh3 depends on the
valuesδc andεc. In order to derive a statement on the open
loop gainγh3γh1, γh3 is parameterized according Proposi-
tion 1 in terms ofδp, εp and a deviation∆ accounting for
the strict inequality. Therefore we set

∆ = min[(εp +δc)b,(εc +δp)/b] > 0.

It is straightforward to see that the controller
satisfies also (2) withδ ′

c = −εp +∆/b, ε ′c = −δp +∆b
as δ ′

c ≤ δc, ε ′c ≤ εc. For, these valuesδ ′
c,ε ′c and following

the same procedure as before an upper bound for theL2

gain of the subsystemh3 is computed

‖ul ,t‖= ‖h3(vl ,t)t‖≤ γh3‖vl ,t‖, with γ2
h3
≤ β (θ)+ |ζ (θ)|−∆

α(θ)−|ζ (θ)|+∆

Choosingθ from (6) (7) it follows ζ (θ) = 0 and thus

γ2
h3

γ2
h1
≤ α(θ)

β (θ)

β (θ)−∆
α(θ)+∆

< 1,

henceγh3γh1 < 1, and thusγhOL < 1.
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