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Abstract: One of the main challenges in telerobotics is the selection of control architectures and control parameters,
which are able to robustly stabilize the overall teleoperation system despite of changing human operator and environment
impedances. In this paper robust stability of different types of bilateral control algorithms for admittance type devices is
analyzed. Hereby, stability of the system is investigated by using the parameter space approach, which allows the analysis
of uncertain systems with varying plant parameters. Simplelinear models are assumed for human operator, human-system
interface, teleoperator as well as remote environment. Theparameter space method is used for controller design, as well
as for robustness analysis. Finally,Γ-stability of the presented architectures is evaluated fora one degree-of-freedom
mechatronic teleoperation system.

Keywords: bilateral teleoperation, robust stability, parameter space approach

1. INTRODUCTION

In a teleoperation system a human operator controls
a remotely located teleoperator by a human-system in-
terface. A typical bilateral teleoperation system is hereby
formed by the main components human operator, human-
system interface, communication channel, teleoperator,
and environment. Master and slave devices are controlled
by local controllers, which are coupled with each other
over a communication channel. Since the human oper-
ator can behave in vary different ways and interact with
different kind of remote environments ranging from free
space to hard contact, one of the main challenges in teler-
obotics is the selection of robustly stable control archi-
tectures and corresponding control parameters. Typical
approaches are either based on the passivity theorem [1],
see e.g. [2–4], or the analysis of absolute stability by us-
ing Llewellyns stability criteria [5], see [6, 7] for exam-
ples. But the drawback of these approaches is that a pas-
sive human operator and remote environment have to be
assumed. This work aims at analyzing stability by using
the so called parameter space approach, which allows the
analysis of uncertain systems with varying plant param-
eters. The parameter space method is used in a first step
for controller design and in a second step for robustness
analysis.

In the following section different types of bilateral
control architectures for admittance-type devices are pre-
sented. Sec. 3 shows the principle of the parameter space
approach and Sec. 4 introduces the models used for sta-
bility analysis. Finally in Sec. 5 robust stability of the
presented control architectures is analyzed for a one de-
gree of freedom mechatronic teleoperation system.

2. BILATERAL CONTROL
ARCHITECTURES

Control architectures for bilateral teleoperation sys-
tems are commonly classified according to the num-
ber and kind of variables transmitted between master

and slave device, see [8] for an overview. So called
two-channel control architectures, whereby master and
slave are connected with each other via two commu-
nication channels, represent possibly the most popular
bilateral controllers, see [9] for more details. Hereby,
forces/positions are exchanged between master and slave
device and local position or force controllers are used.
While for impedance-type devices, which are character-
ized by very light-weight constructions with low iner-
tia and friction, high performance force controllers can
be implemented, for admittance-type devices, force con-
trol can only be realized with a very poor performance
[10]. This is mainly due to the high dynamic properties
and friction effects of admittance-type devices, which can
only be compensated by using some kind of low level po-
sition controller. For further details on impedance and
admittance-type devices see [11]. On this account classi-
cal bilateral control architectures with local force control
are usually not very appropriate for teleoperation systems
using admittance-type master and slave devices.

Commonly, admittance-type devices are controlled by
using a so called position-based admittance control archi-
tecture, see [10]. Depending on the application, such an
architecture can be either used to render a target dynam-
ics or to achieve a certain compliant behavior when being
in contact with the environment. In both cases the de-
sired behavior is achieved by implementing impedances
in form of simple mass-spring-damper systems

f = Mẍ + Bẋ + Kx, (1)

wherebyx are positions,f are forces andM means the
mass,B the damping andK the stiffness matrix.

When rendering desired impedances, as shown in
Fig. 1, the impedance is used to implement a desired
target dynamics, e.g. the dynamics of a tool, which is
attached to the end-effector. When trying to achieve a
compliant behavior, as shown in Fig. 2, the impedance
is used to modulate the desired positionxd, whereby the
stiffness parameter defines an upper bound of displayable



stiffnesses. As shown below in both cases the impedance
is lower bounded due to actuator limitations.
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Fig. 1 Position-based admittance control used to render
a target dynamics (Fa)
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Fig. 2 Position-based admittance control used to achieve
compliant behavior when being in contact (Pa)

In view of the classical two-channel control architec-
tures, position-based admittance controllers can be im-
plemented for master as well as slave devices and com-
bined into a teleoperation control architecture when posi-
tions and forces are exchanged. Please observe that then
ideal transparency cannot any more be achieved, since
transparency is affected by the implemented desired mas-
ter and slave impedances.

In principle three basic bilateral control architectures
using local position-based admittance controllers can be
realized:

2.1 Position-based admittance control with position-
force exchange

In the position-based admittance control with position-
force exchange, see Fig. 3, positions are sent from master
to slave and forces from slave to master. Admittance type
controllers are used to control master as well as slave de-
vice. The corresponding control laws are given by

fm = Dxm (ẋdm − ẋm) + Kxm (xdm − xm) , (2)

fs = Dxs (ẋm − ẋds − ẋs) + Kxs (xm − xds − xs) , (3)

fss − fsm = mdmẍdm + bdmẋdm, (4)

fss = mdsẍds + bdsẋds + cdsxds (5)

for master and slave. While at master side a sort of force-
control is implemented, at slave side a compliant con-
troller is realized. During free space motion only the mas-
ter impedance given bymdm andbdm is active, the slave
side is controlled by a pure position controller. In contact
also the slave impedance is active and both controllers
influence the impression of the remote environment. In
particular it should be noted that the stiffness parameter
cds defines a lower bound of displayable stiffnesses.

2.2 Position-based admittance control with force-
position exchange

The position-based admittance control with force-
position exchange represents the mirrored version of the
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Fig. 3 Position-based admittance control with position-
force exchange

last presented control architecture: forces are sent from
master to slave and positions from slave to master. The
corresponding control laws are given by

fm = Dxm (ẋs − ẋdm − ẋm) + Kxm (xs − xdm − xm) , (6)

fs = Dxs (ẋds − ẋs) + Kxs (xds − xs) , (7)

− fsm = mdmẍdm + bdmẋdm + cdmxdm, (8)

fss − fsm = mdsẍds + bdsẋds. (9)

2.3 Position-based admittance control with force-force
exchange

Finally, the position-based admittance control with
force-force exchange, see Fig. 4, is characterized by a
bilateral force-force exchange between master and slave.
At both sides an admittance control strategy is imple-
mented:

fm = Dxm (ẋdm − ẋm) + Kxm (xdm − xm) , (10)

fs = Dxs (ẋds − ẋs) + Kxs (xds − xs) , (11)

fss − fsm = mdẍdm + bdẋdm, (12)

fss − fsm = mdẍds + bdẋds. (13)

In order to guarantee position tracking the same
impedances given by the massmd and the dampingbd

have to be implemented for master and slave. On this
account only two control parameters have to be selected,
which simplifies tuning of the controller significantly.

3. PARAMETER SPACE APPROACH

Since in telemanipulation systems the operator inter-
acts with environments of different impedances, we have
to deal with an uncertain plant defined by the operating
domainQ:

Q =
{

q | qi ∈
[

q−i , q+

i

]

, i = 1, 2, ...., l
}

. (14)

Thus, the stability analysis is performed by applying the
parameter space approach [12], which allows the analysis
of uncertain systems with varying plant parameters. It is
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Fig. 4 Position-based admittance control with force-
force exchange

based on the boundary crossing theorem of polynomials
stated by Frazer and Duncan. Given the linear state space
model

ẋ = Ax + Bu, (15)

y = Cx + Du, (16)

and the corresponding characteristic polynomial

p (s, q) = det (sE − A) = 0, (17)

stability can be analyzed as follows:
The parameter space approach allows mapping of sta-

bility regions (further on referred asΓ-region) defined in
the s-plane

δΓ :=
{

s | s = σ (α) + jω (α) , α ∈
[

α−, α+
]}

(18)

into the parameter space formed byl uncertain plant or
control parameters collected in the parameter vectorq.
Hereby α means a generalized frequency. According
to the boundary crossing theorem, starting from a stable
characteristic polynomialp (s, q), a polynomial with real
coefficientsai (q) can only become unstable if the system
crosses the stability boundary. Depending on whether the
stability boundary is crossed on the real axis, imaginary
axis or at infinity, real root boundaries (RRB), complex
root boundaries (CRB) and infinite root boundaries (IRB)
are distinguished. These boundaries are mapped into the
parameter space by solving the following equations for
the uncertain parametersqi = f (α):
RRB: p (σ0, q) = 0 with σ0 the

intersection point of the real axis withδΓ,

IRB: lim
α→∞

p (σ (α) + jω (α) , q) = 0, (19)

CRB: ΓCRB := {q | p (σ (α) + jω (α) , q) = 0,

p (σ + jω) ∈ δΓ, α ∈
[

α−, α+
]}

The parameter space method can be either used for
controller design or for robustness analysis, depending on
whether the stability region is mapped into the parameter
space of control parameters or varying plant parameters.

Controller design: The stability boundaries are
mapped into a plane formed by two control parameters

k1, k2. This allows to determine the set of control param-
eters for which the system isΓ-stable. If a system with
n control parameters is considered,n − 2 control param-
eters must be fixed to a certain value, while the rest can
be gridded. For each grid point theΓ-stability boundaries
are computed and projected into the selected parameter
plane.

Designing a controller for an uncertain plant requires
basically two steps: In the first step sets of stabilizing
controllers for some representative operating points (typ-
ically the vertices of the operating domain) have to be
computed. The intersection of all these sets guarantees
Γ-stability for all representative operating points, but not
necessarily for the whole operating domain. After selec-
tion of appropriate control parameters this has to be veri-
fied in the second step by a robustness analysis.

Robustness analysis: The stability boundaries are
mapped into a plane formed by two varying plant param-
etersq1, q2. The system is robustlyΓ-stable if the entire
operating domain is contained in theΓ-stable parameter
set.

4. MODELLING OF TELEOPERATION
SYSTEM

To analyze stability of the teleoperation system a state
space model of the overall system including haptic inter-
face, telemanipulator, human and environment is needed.
In the context of this work simple one degree of freedom
models for haptic interface and telemanipulator are used.
The human operator and the environment are modelled
by using linear mass-spring-damper models. In the fol-
lowing these models are described in more detail.

4.1 Haptic interface and human operator

A very simple way to model a haptic interface is to use
a mass-damper system [3] as shown in Fig. 5. Hereby
mm means the haptic interface mass andbm the damping
coefficient. The actuator force is modelled byfm.

Since the human operator interacts with the haptic in-
terface also a simple model of the human arm is needed.
According to [13] a simple mass-spring-damper model
can be used. In this contextmh means the human arm
mass,ch the human arm stiffness andbh the human arm
damping. The factorα ∈ [0, 1] is used to take into ac-
count variable human arm impedances. The exogeneous
force applied by the human operator is modelled byfh.
Finally, mem means the end-effector mass andfsm the
force measured by the force-torque sensor located at the
tip of the haptic interface.

mm
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fmfh

fsm

αch

αbh αmh + mem

xm

Fig. 5 Model of human system interface and human
operator



The overall system described in Fig. 5 is represented
by the following differential equations:

0 = fh + fsm − (αmh + mem) ẍm (20)

−αbhẋm − αchxm,

0 = fsm − fm + mmẍm + bmẋm.

4.2 Telemanipulator and environment

The telemanipulator is modelled analogously, whereby
ms means the telemanipulator mass,bs the telemanip-
ulator damping, andfs the force applied by the actua-
tors. The environment the telemanipulator interacts with
is modelled by a mass-spring damper model. The end-
effector mass and load is modelled bymes, ke and be

mean the environmental stiffness and damping coeffi-
cient. The overall system is shown in Fig. 6 and can be
described by using the following differential equations:

0 = fs + fss − msẍs − bsẋs, (21)

0 = fss + mesẍs + beẋs + cexs.
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Fig. 6 Model of telemanipulator and environment

4.3 Actuator and sensor dynamics

In order to reproduce effects visible in the real hard-
ware experiment also non-ideal actuator and sensor dy-
namics must be considered. On this account, the elec-
trical motor time constantTm is modelled by a low pass
filter. Since measurements of the force-torque sensor are
typically very noisy, they have to be filtered appropri-
ately. Thus, also a simple low-pass filter with time con-
stantTf is considered.

5. STABILITY ANALYSIS FOR A ONE
D.O.F TELEOPERATION SYSTEM

In this section stability of the above presented control
algorithms for bilateral teleoperation is analyzed by using
the parameter space approach. Hereby, in a first step sets
of control parameters which stabilize the overall teleoper-
ation system are determined and then a robustness analy-
sis is carried out for one special set of control parameters.

masterslave

force sensor end-effector

linear axis

Fig. 7 Linear one d.o.f. teleoperation system

The numerical stability analysis is carried out for a lin-
ear one degree-of-freedom teleoperation system as shown

in Fig. 7. The teleoperation system consists of two iden-
tical linear axis (Thrusttube module) of Copley Controls
Corp., which are used as master as well as slave devices.
To measure the interaction force each device is addition-
ally equipped with a one-degree-of-freedom force sensor
(Burster, Model 2524). Position is measured by an op-
tical encoder. The model parameters used for simulation
are reported in Table 1. Hereby, the mass of each carriage
and end-effector is measured, the damping coefficient is
determined by system identification and the motor time-
constant is taken from the technical data sheet. The force
filter constant is selected to provide a good signal to noise
ratio. Finally, in order to reduce the number of control pa-
rameters, the low level position controllers are assumed
to be already tuned.

Table 1 Simulation parameters of one d.o.f.
teleoperation system

parameter value

mm 2.386 kg
bm 20 Ns/m

mem 0.112 kg
ms 2.386 kg
bs 20 Ns/m

mes 0.112 kg

parameter value

Tf 0.0032 s
Tm 0.00065 s

Kxm 70,000
Dxm 530
Kxs 70,000
Dxs 530

All simulations were carried out for a three-
dimensional operating domain formed by the varying pa-
rameters: environment stiffnessce ∈ [0 10, 000] N/m,
environment dampingbe ∈ [0 200] Ns/m, and load
massmes ∈

[

mmin
es mmin

es + 1
]

kg. This assumption
is made because in a teleoperation system the operator
can interact with different kind of environments, ranging
from free space to hard contact. In addition, the opera-
tor can grasp objects, which has to be considered in the
model. On this account, a varying load massmes is in-
troduced, whereby the lower bound is given by the end-
effector mass only.

mes

ce

be

Fig. 8 Operating domain formed by environment stiff-
ness, environment damping, and end-effector mass
(including load mass)

In the following results of the numerical stability anal-
ysis for the above presented bilateral teleoperation con-
trol schemes are reported.

5.1 Position-based admittance control with position-
force exchange (FaPa)

Using the position-based admittance control with
position-force exchange five control parametersmdm,



bdm, mds, bds, and cds have to be selected to guaran-
tee stability of the overall teleoperation system. Hereby
mdm, bdm mostly affect the free space behavior andmds,
bds, cds the impression of contact. Further it is known
that due to the admittance-type control the minimum tar-
get inertia of the master device is bounded by stability.
On this account,mdm has been set to a value which stabi-
lizes the haptic interface, when used in standalone mode.
In order to further reduce the number of control param-
eterscds=1,000 N/m has been fixed. It should be noted
that the stiffness parametercds mainly influences the per-
ception of stiff environments since it introduces a upper
bound for displayable stiffnesses. Thus, it should be se-
lected carefully.

In the first step Hurwitz stability is analyzed. Fig. 9
shows the resulting stability boundaries which are
mapped into themds, bds plane, wherebybdm is grid-
ded. Each of the lines represent a set of stability mar-
gins determined for one of the eight vertices of the op-
erating domain. The intersection of all these sets de-
scribes control parameters which stabilize all represen-
tative points. It can be seen that an increasing damping
factor at master side increases the set of stabilizing con-
trollers. Fig. 10 shows the dependency on the human arm
impedance, whereby lowering the impedance significant-
ly reduces the set of stabilizing controllers. Summarizing,
it can be stated that in order to stabilize the system a low
value formds and a certain amount ofbds is needed. In-
creasing the damping at operator side increases the set of
stabilizing controllers, but reduces also significantly the
free-space impression.
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Fig. 9 FaPa architecture:
Stability boundaries of
the vertices of the op-
erating domain in the
(mds, bds)-plane de-
pending on the damp-
ing parameter bdm

(α = 1, mdm = 3 kg,
cds = 1, 000 N/m).
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Fig. 10 FaPa architecture:
Stability boundaries
of the vertices of the
operating domain in
the (mds, bds)-plane
depending on the
human arm impedance
(mdm = 3 kg,
bdm = 0 Ns/m,
cds = 1, 000 N/m).

Finally Fig. 11 serves as robustness analysis. Selecting
one special controller out of the set of stabilizing con-
trollers allows to robustlyΓ-stabilize the telemanipula-

tion system since the entire operating domain is enclosed
by theΓ-stability margins. When selecting a controller
the smallest possible desired impedances should be cho-
sen since these parameters directly affect the impression
of the remote environment and reduce transparency of the
overall teleoperation system. Further it should be noted
that due to actuator limitations there is also a lower bound
on the slave mass that can be implemented without caus-
ing instability of the teleoperator.
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Fig. 11 Robustness analysis for FaPa-architecture:
Stability boundaries of the vertices of the operat-
ing domain in the (be, ce)-plane (bds = 70 Ns/m,
α = 1, bdm = 10 Ns/m, mdm = 3 kg, mds = 1 kg,
cds = 1, 000 N/m).

After implementing this control algorithm in the real
hardware setup a relatively low damped behavior could
be observed, when touching stiff environments. On this
account, the analysis presented before has been carried
out again for a newΓ-region as shown in Fig. 16. This
newΓ-region guarantees a certain dampingD = −σi/ω0

of the overall system. Fig. 12 shows the result of the cor-
responding stability analysis. Although a relatively small
damping coefficient has been selected, the set of stabi-
lizing controllers is reduced significantly. Increasing the
damping coefficient even further would cause a dramati-
cal reduction of stabilizing controller sets. This again in-
dicates that a high slave damping has to be implemented
in order to guarantee a good damped behavior, otherwise
the interaction with stiff environments would inevitably
cause oscillations.
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Fig. 12 FaPa architecture: Stability boundaries
of the vertices of the operating domain in the
(mds, bds)-plane and robustness analysis in the
(be, ce)-plane for a damping ofD = −0.1
(α = 1, mdm = 3 kg, bdm = 10 Ns/m,mds = 1 kg,
bds = 100 Ns/m,cds = 1, 000 N/m).



5.2 Position-based admittance control with force-
position exchange (PaFa)

Again five control parametersmdm, bdm, cdm, mds,
bds have to be selected in order to guaranteeΓ-stabilizing
behavior. The same principle as presented above is used
to reduce the number of variable control parameters:mds

is selected to stabilize the telemanipulator alone andcdm

is fixed.
The results gained from the parameter space approach

are shown in Fig. 13. The bigger the slave damping
bds, the larger is the set of stabilizing control parameters.
Fig.14 shows the stability margins dependent on the hu-
man arm impedance. If the slave damping is selected high
enough an increasing human arm impedance decreases
the set of stabilizing controllers. Finally Fig. 15 serves as
robustness analysis.
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Fig. 13 PaFa architecture:
Stability boundaries of
the vertices of the op-
erating domain in the
(mdm, bdm)-plane de-
pending on the damp-
ing parameter bds

(α = 1, mds = 3 kg,
cdm = 1, 000 N/m).
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Fig. 14 PaFa architecture:
Stability boundaries
of the vertices of the
operating domain in
the (mdm, bdm)-plane
depending on the
human arm impedance
(mds = 3 kg,
bds = 60 Ns/m,
cdm = 1, 000 N/m).
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Fig. 15 Robustness analysis for PaFa-architecture:
Stability boundaries of the vertices of the operating
domain in the (be, ce)-plane (bds = 60 Ns/m,
mds = 3 kg, mdm = 1 kg, bdm = 30 Ns/m,
cdm = 1, 000 N/m, α = 1).

In order to be able to manipulate objects and to interact
with different kind of impedances, a damped behavior of

jω

ω0

σσi

ωi

Fig. 16 Γ-region with dampingD = −σi/ω0

the overall system is necessary. The influence of the re-
quired damping on the control parameters is analyzed in
Fig. 17. Again aΓ-region with dampingD = −0.1 is se-
lected and the stability margins are plotted. The analysis
shows that the region of stabilizing controllers is reduced.
Especially for high human arm impedances the overall
system can only be stabilized if small values for the mas-
ter massmdm and a certain amount of dampingbdm are
selected. OtherwiseΓ-stability cannot be guaranteed.
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Fig. 17 PaFa architecture: Stability boundaries
of the vertices of the operating domain in the
(mdm, bdm)-plane and robustness analysis in the
(be, ce)-plane for a damping ofD = −0.1
(α = 1, mdm = 1 kg, bdm = 50 Ns/m,mds = 3 kg,
bds = 60 Ns/m,cdm = 1, 000 N/m).

5.3 Position-based admittance control with force-force
exchange (FaFa)

Using a position-based admittance control with force-
force exchange, position tracking can only be guaranteed
if equal desired impedances are selected at master as well
as slave side. Thus, the number of control parameters
can be reduced to a minimum of two variable parame-
tersmd, bd. The characteristic polynomial of this setup
is characterized by a bilinear dependency of the two un-
certain control parameters in the polynomial coefficients.
On this account, the mapping of the stability boundaries
into the parameter space of the control parametersmd, bd

causes some difficulties. To overcome these problems the
parametersmd, bd are gridded and the poles of the cor-
responding characteristic polynomial are computed. The
stability boundary can then be determined by using a bi-
section algorithm, which tries to find for a fixedmd the
valuebd that lies on the stability boundary. This proce-
dure is repeated for every vertex of the operating domain.

The result is shown in Fig. 18. Selecting a desired
massmd in general a certain amount of dampingbd is
necessary toΓ-stabilize the system. There exists only a



very small area, where a desired massmd stabilizes the
system without implementing additional damping. The
parametermd should be selected at least that large that
haptic interface and telemanipulator are stable when they
are operated alone. Finally, Fig. 18 right shows the sta-
bility boundaries in thebe, ce-plane. Since the polyno-
mial depends affine on the parametersbe, ce the parame-
ter space approach is used again. It can be seen that the
selected control parameters stabilize the overall operat-
ing domain. Finally, selecting aΓ-region with damping
D = −0.1 a certain amount of damping is necessary to
Γ-stabilize the system when being in contact with stiff
remote environments, see Fig. 19.
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Fig. 18 FaFa architecture: Stability boundaries of the
vertices of the operating domain in the (md, bd)-
plane and robustness analysis in the (be, ce)-plane
(α = 1, bd = 10 Ns/m,md = 3 kg).
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Fig. 19 FaFa architecture (linear one d.o.f. device):
Stability boundaries of the vertices of the operating
domain in the (md, bd)-plane and robustness analysis
in the (be, ce)-plane for a damping ofD = −0.1
(α = 1, md = 3 kg, bd = 60 Ns/m).

6. SUMMARY AND CONCLUSION

A stability analysis of different types of bilateral con-
trol architectures using admittance-type devices has been
carried out. Robust stability has been investigated by us-
ing the parameter space approach, which allows the anal-
ysis of uncertain systems with varying plant parameters.
In contrast to other approaches known from literature no
passive human operator as well as remote environment
have to be assumed. For the analysis simple linear mod-
els for haptic interface and teleoperator have been taken.
Moreover varying impedance models have been used for
human operator and remote environment and the actua-
tor dynamics has been considered. Finally, the approach
has been applied to a one d.o.f. teleoperation system and
robustly stabilizing controllers have been determined for
each of the before presented teleoperation architectures.
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