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Abstract—The concept of virtual holonomic constraints is  virtual holonomic constraints are enforced by feedback con
extended to the case of double support, which is characterized trol which lead to reduced dynamics. Additional control of
by a closed kinematic chain and redundancy in the state the reduced dynamics is proposed and is followed by a

variables. An appropriate coordinate transformation is used . . . . - .
to present the equations of motion in the coordinates of the discussion on orbital stability of the periodic motion kise

actual degrees of freedom of the system. Virtual constraintsfo 0N the reduced dynamics. For a planar biped, an optimized
proper dimension lead to reduced dynamics of dimension two. walking gait with single and double support phase is given
The reduced dynamics is derived in a generalized way which g5 a numerical example.

includes previous results for the case of a snng_le point contact.  Tha paper is organized as follows: The model and the
Control of the reduced dynamics is discussed in particular for . . .

the double support case. The derived concept is illustrated for considered control problem are formulated in Section 2.
a biped robot walking gait with a double support phase and Transformation of the system dynamics into a constraint-

an underactuated single support phase. free subdynamics is performed in Section 3. In Section 4,
control based on the virtual holonomic constraint approach
I. INTRODUCTION is developed. A numerical example of a biped gait is shown

The control of underactuated mechanical systems for pén- Section 5. Section 6 concludes the paper with a summary.

riodic motions using virtual holonomic constraints hasrbee
proposed in [1], [2]. The approach has been applied to the
locomotion control of underactuated bipeds [2] and extdnde The control framework to be presented in this paper is in-
to full actuation [3]. Control of a biped based on virtualtended for planar bipedal walking robots. Walking gaitsare
holonomic constraints allows to investigate orbital dtgbi succession of one or several different contact situatiaitis w
on a reduced dynamics of dimension two, thus simplifyinghe environment. In this section, the system dynamics are
stability analysis. Parametrization of the virtual coastts derived for the constrained system with a set of constraints
permits to optimize biped motion for energy consumption. given through the considered contact situation.

In previous work [4], [5], the aforementioned approach
was used to investigate effects of compliance on bipedal I Modeling

comotion with gaits including instantaneous double suppor  |n the following, planar mechanical systems are considered
Results in [6] show that for a simple model with complianceyhich consist of links arranged in a tree-like structure
double support is essential. For further research on bipedgnnected by prismatic or revolute joints. The system is in
locomotion with compliance, gaits with non-instantaneougontact with the environment at one or more points, each
double support are of interest which motivates the presentgf them being the end point of one branch of the tree. This
extension of the virtual constraint approach. results in either an open or a closed kinematic chain. The
During double support, the biped in contact with groungyround is considered to be perfectly rigid. It is assumed
represents a closed kinematic chain where redundancy in iyt there are no actuators at the contact points with the
configuration variables and actuator inputs may arise. Fehvironment and that contact forces can act only unildteral
the problem of optimally controlling bipedal robots during The coordinates of the system are chosen ¢as =
double support, several approaches have been proposeqﬂ'g yr, gL, 0]7 € Q. c R", see Fig. 1. Hereq, are the
literature [7], [8], [9], [10]. Virtual holonomic constrafs relative coordinates of theé = n — 3 actuated joints¢ and
are used in [8] for single support, but during double support  are the absolute orientation and position of the chain
motion is chosen as a function of time. In [10], virtualwith respect to the inertial world coordinate system.
constraints are used to construct a walking gait with single The system dynamics can be derived using the Euler-
and double support for the special case of a circular foot. Lagrange approach [11]. If the kinetic and potential energy
In this paper, the virtual constraint approach for the antr of the system are denoted by and V, respectively, the

of bipedal walking robots is presented in a generalized wagynamics of the free system, i.e. no contact with the envi-
It is applicable for different contact situations includin ronment, are given as:

both single and double support. For each contact situation,

[I. MODELING AND PROBLEM FORMULATION
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Assumption 2:The point p, is assumed to be constant
w.r.t time in world coordinates:

. d
co =pq(q.) — Bi] =0 with T Bj =0
This excludes rolling contacts, e.g. by a circular foot.<
Remark 1:As a result of Assumptions 1 and 2, the
following contact situations can occur as shown in Fig. 1.
For m = 2, an ideal point contact exists, e.g. rotation about
p,, the toe tip of leg 1. An additional constraint(= 3) can
____ P, = {f} Pz fix the foot of leg 1 to be flat on the ground or could give
” a sliding contact at the heel of leg 2. For > 4, a closed
kinematic chain exists as each foot has ground contact.
For a walking gait consisting of a sequence of different
Fig. 1.  Schematic picture of an exemplary biped with the choseggntact situations, the overall task is to find a set of virtua
coordinates. The pointp; and p, show possible contact points with the holonomic constraints which give rise to a periodic and
ground.
orbitally stable walking gait. For a certain contact sitoiat
Here, D, denotes the mass inertia matrix of the free systeni1® Systém dynamics in the remaining degrees of freedom
B, the input mappingg, = ¢, are the velocities, and are nee_ded for deS|gn|ng thg virtual constraints. To this en
u € U C R* are the actuator inputs to the system. a coordinate transformation is proposed in the next section

Definition 1 (Degree of Actuation)The system in (1) is 1. PROJECTION OFSYSTEM DYNAMICS
said to beunderactuatedf the number of actuator is less
than the number of degrees of freedom. If the number %
actuators is larger than the number of degrees of freedorttp1
the system is said to beveractuated The equality case is
calledfully actuated
In this paper, only underactuation of degree one is consitler
and for simplicity is referred to as "underactuation”.

The dynamic equation given in (2) is of dimensionbut

e actual degrees of freedom in the system are reduced by
‘e constraint equation to — m. For position control, it is
desired to find an alternative representation of the system
dynamics in a reduced form without any contact forke
entering the equation. For this purpose, a proper coomlinat
transformation is now presented.

B. Problem Formulation . .
. . . . . A. Coordinate Transformation
Depending on the contact situation with the environment, ] o )
the mechanical system is subject to a set of holonomic The coordinate transformation is intended to project the

constraintsc(g,) = 0 describing the manifold in which system dynamics into two subspaces, the constraint force

the system may evolve. The constraints enter the systeiHPspace and the free velocity subspace. The latter one
dynamics via the Jacobiad, — -2¢, multiplied by the includes the remaining degrees of freedom of the system. In
c 0 '

Lagrange multipliers\ [12]. Then thé system dynamics of this paper, this separation is performed using the cootglina
one continuous phase are transformation developed in [13].
Proposition 1: There exists a functiof : Qg — IR™ on
Dc(q.)i.+ Ce(4,,4.)d. + 9.(a.) = Beu+ JEX (2)  an open seBq ¢ IR™™™, such that the constraint equation

c(q.)=0, (3) (3) can be rewritten as:
where Ceq¢ is the vector of Coriolis and centrifugal forces c((gy),q5) =0 Vg, € Qq (4)
andg, = g;’ is the vector of gravitational forces. As the h [q%r qQT]T — Pq g €R™, ¢, e R"™. (5)
- e’ 1 ) .

control concept presented here aims only at walking gaits

with no flight phase, a restricting assumption is made:  Here, P is an invertible matrix representing a possible
Assumption 1:0nly contact situations with at least onenecessary coordinate permutation. In the followifg= I is

point of the kinematic chain being in contact with theassumed. In case of constraintsvvggﬁ = 0, the respective

environment are considerediyn(c) = m > 2. Furthermore, function €2; is a function of some constants. <
the constraints are required to be independent, Proof: The existence of? is given by the implicit func-
de _ tion theorem. Suppose there exigtg, such thatc(q.,) = 0.

rank (8) =m with dim(q,) = m, Assumption 1 assures thaji is non-singular, hencé&

_ _ 8 _ _ exists on an open set. [ |
i.e. there exists a su.bse.t of coordinatgsof g, for which Now define a coordinate transformatign(q,) : Q, —
the constraint Jacobian is full rank. <4 9, with 9, = {q, | c(q.) =0 A g, € Qa} C R" and

Hence, the constraints are subdivided ag = [¢f,&"]T o, c R" from coordinatesg, t0 w.

where ¢, € IR? specifies the position of an endpoipt of
the kinematic chain in world coordinates. Another restict w — {wl} =p(q,) = [‘11 - ﬂ(‘lz)} (6)
is posed on the poinp,: w2 a2



The transformatiorp is invertible and also the inverse trans-For the chosen coordinates in Fig. 1, variablés cyclic
formation g, = ¢~ !(w) is invertible onQ;. Therefore,p  in single support. The new input matri&,, can be further
is a local diffeomorphism and a valid change of coordinatesubdivided, withu; and u, being the actuation o, and
The coordinate transformation (6) is used together with g, respectively.
J, = dp(q.) —1_ op~! By ) Byu = B, 1u; + By ou> (13)
0q. ow

dws olx(n—m-1)

-l u
. i . Bw,l = ( SQ) ) Bw2 |: :| y U= |: 1:|
in the next section to transform the system dynamics (2). U2

As in B, the first two rows are zero, onl{2 appears, i.e.
rows three tom of Q. Rewriting (12) in state-space form

B. Transformed System Dynamics

After performing the change of coordinates (6), the transgith 2 — [w?, w2] and G € R(»—m—1x(n=3) gives
formed dynamic equations are partitioned in the following
into the equations of motion i, and contact force equa- & = f(z) + G(z)u. (14)
tions. which is used in the next section to develop control for the

Lemma 2:Under the coordinate transformation in (6), theyirtual holonomic constraints.

dynamics of the system are given by V. CONTROL

D, + Cot + §, = Bou+ JEX 8 The concept of virtual holonomic constraints has been

successfully used for the control of underactuated systems

~ [1], [14]. Enforcing the virtual constraints by control etes
Ce(w,w) = J, " (De($T") + Ce ) a reduced system dynamics, called zero dynamics. Here,

D, = J;"D,J;! ~ —J.T g n—m—1 virtual _holonomic constraint; are cho.sen for which
(w) = 9e(w) = Te © reduced dynamics, control and stability are discussed.

with the new system matrices defined as

B.(w)=J,;"B, JM(w) = J;TJE.
Proof: Take the time derivative ofg, in (7) and A Virtual Holonomic Constraints
substitute it into (2). Then multiply the system of equasion For the purpose of designing virtual holonomic constraints
with J;7. The new inertia matrixD, can also be found the coordinate vectom, of the system in (12) is split
through the independence of the kinetic enedgywith up into ws = [wZ, 6] with w, being the vector of the
respect to coordinate transformations. E remaining actuated joint coordinates. The desired ewiuti
Proposition 3: If the constraint equation (3) is fulfilled h, of coordinatesw, is chosen to be a function @ thus

and Assumption 1 holds, then under the coordinate transfdhe dimension of the output function is— m — 1.

mation (6)J, is given as Y = w, — ha(6) = h(ws). (15)
J. = de(p ! (w)) =\|J,., Oan,m} (10 Assumption _3:There is at least one poimtg,_o € Qq such

ow ’ thath(w,) vanishes. Furthermore, the functipi(w)0]” :

Qa — R"™ ™ is a diffeomorphism. <

with J, ; = M being invertible.
Proof: The “statement in (10) can be derived from
Assumption 1. Asc(€2(q,), g5) = 0Vgq, € Qq it follows

Using input/output linearizing state feedback and an appro
priate controller, the output functions (15) are driven ¢ox
. B De(QUwa),ws) _ mxn_m i.e. h = 0 and the Lie-derivativeC;h = 0. The remaining
with g, = ws that dwz ac( ) o =0  Vws € Qq. dynamics is of dimension one and order two, and its state
The invertibility of J, ; = “52=) 74 can be concluded &S yariables are the anglé and o — 2K, the momentum
a6

the first component s invertble t by Assumption 1 and thonjugate tod. In the next section, attention is now turned
second component is an identity matrix according to the firgy the dynamics ir0 ando.

m equations of (6).
Under the assumption that the constraints (3) are satisfid £ Dynamics
(c = 0), the system dynamics (8) can be further simplified The number of outputs chosen in (15) is exactly one less
asw = [0™*! wl]T (similarly for 1, 7). Now (8) can be than the dimension of the configuratian, of the reduced
split up, with the dynamics oiv- bemg independent ok.  system dynamics (12). If the outputs in (15) are driven to
. . o zero by feedback control, then the remaining dynamics in
Dyt + Cobz + g5 = Bau + J: A (1) ¢, 5 are called zero dynamics. Assumigg= 0, the system

D, W, + Cype + g, = Byu (12) s restricted to the submanifold of X [14].
Here, the matrice®,, D,,, C», C,, are obtained as proper Z={xecX|h(z)=0, L;h(z) =0} (16)
submatrices of),, C., respectively. The componergs, B. on z, wl = [hd(e) ] and ! — [(aahéi) ]9- holds,

are split inm andn — m rows to findg,, g,,, Bx, By,. A
definition which is needed in later derivation is now stated:

Definition 2: A variable w, ; from the coordinatesv is 6= _L 5 with 1(6) = Dy [%’2‘1} (17)
said to becyclic with respect to (12), if52= = 0. < 1® ’ 1

and the time derivative of is given as




where D, ,—n, is the (n —m)-th (i.e. last) row ofD,,. The wherew, is the control input to the linearized system and
time derivative ofs in turn is in general b is the pseudo-inverse f This solution tow; minimizes
the components ofi;. A possible choice for the control law
for v, is v, = —k,y,, With k, being some positive constant.
Due to modeling requirements, a dynamic saturatiomifor
can be necessary [3].

. & . iti . +
with b = 22 ¢ IR™~2. Hence, the zero dynamics can be Proposition 6: The vectorb™ is non-zerav 6.

d . T
@l =~ Cw,nfm’w2 — Jw,n—m +b U1

4T (Do) =

06 . i _ 00
summarized as a set of differential equation®jn: Proof: Proposgon. 4 ensures thdt = 7 # 0.
) ) Hence, the produch’ b is strictly positive. Asb™ is given
0=r1(0)0 = 1570 asb’ = b(b"b)"', b must be non-zero. [

(19) For the feedback linearizing control of the virtual con-

o ) . straints (15) the remaining input vectar, is used. Twice
This is the general representation of the zero dynamics fgfe-gifferentiation of (15) gives:

m > 2 created by the virtual constraints in (15). Previous

i i . . 0%ha, —m—1 _ Ohqg
results for a point contact are a special case of (19) as showr; — fr 5., — 62, Hy= |1 — 2| (22
in the following remark. 062

6 =rko(0,0) +ks(0) + b uy.

00

Remark 2:For an open kinematic chain, i.e. either pointysing (12), (13) the control law fou, is found as
contact withm = 2 or flat foot contactn = 3, 0 is a cyclic

variable. Then, (19) results i & 0 for m = 2): uy = (Lalph) ' (v —L3h)  (23)
& = k3(0) + bur = —Gu n—m(0) + buy. 4 with LeLih = HiD,' By (24)
Proposition 4: Form > 3, the vectord in (19) is nonzero, 2, 1 . 9%hy 42
i.e. b # 0. Moreover, for double support it holds that= Lih = HiDy' (Bunw = Cuthz — g,,)) = G0 (25)
b(9) with g—g # 0. wherev denotes the control input to the linearized system.
Proof: The proof is shown in appendix A. B In order to assurgy = 0 a finite-time stabilizing controller
Proposition 5: In case of a closed kinematic chain, i.e.can be used fow. The validity of the feedback linearizing
both feet in contact with the ground, the variaBllés not a control is given by the following assumption.
cyclic variable. < Assumption 4:The set of output functions in (15) is
Proof: The proof is shown in appendix B. B chosen such thaf ;L h(w2) andI(¢) defined in (24) and
The consequences of Proposition 4 and 5 are that neith@7) are both invertible on the open %t,.
bTw, nor k5(0, o) vanish in general from (19). Hencé,is  For the system under feedback control (21), (23), orbital
indeed a function ob), o and controllable byu;. stability is discussed next based on the zero dynamics.
The set of equations (19) governs the complete dynamics . .
as the output functions in (15) are a function &fIf the % Orbital Stability
system is restriced to the manifol#l, stability analysis of ~ For biped walking, the stability of a periodic orbit can
(19) is valid for the complete dynamics. Based on the zer@e analyzed using the Poinéareturn map. Evaluating this

dynamics, control is discussed in the next subsection.  criterion on the full system is computational expensivee-Th
orem 4.5 in [14] states requirements under which the orbital

C. Control stability can be deduced from the restricted Poiaaaap of
In this subsection control is developed first for the zerghe reduced system dynamics (19). Main requirements are
dynamics and second for enforcing the virtual holonomithat the manifoldZ (16) is an embedded submanifold of
constraints. Control input appears in the zero dynamicy (18, Z is locally continuously finite-time attractive, argl is
only for m > 2. For m = 2, i.e. underactuation of degree (hybrid) invariant.
one, the zero dynamics are autonomous and are completelyit is assumed that the requirements are met using an
determined by the choice @f,;. Therefore, the control of the appropriate controller fow. Then the Poincér sectionP
zero dynamics developed here is only applicable to caségstricted to the zero dynamics can be chosen as:
with m > 2 while the feedback control for the out| _
hold for all casesn > 2. puts PNZ={(,0)|0=0"} (26)
For the control of the zero dynamics a virtual holonomiavhere 6~ is a certain point of the periodic motion, e.g.
constraint foro is proposed, i.ec shall follow a desired just before impact. As a result, evaluating the Poiacar
evolution as a function of. map for the zero dynamics reduces to evaluaté—) for
successive cycles to obtain the eigenvaluef the discrete

Yo =0 = hao(0) (20) mapoy1(0~) = por(6). Form = 2, results can be found
Using the second equation of (19), the feedback linearizing [2]. For the case ofn > 2, i.e. whendim(b) > 1, stability
control is given as of the periodic motion mostly depends on the convergence
properties of the controller foh,,. Control inputv, is
w, = bt (vn — Ko — Ky + Oha,o hd70(9)> (21) however bounded as restrictions on contact force may not
90 1(0) be violated.



single support
&5 = f(zs) + Go(zs)u

z7 = Aj(zy) zf = Al(z])

double support
&g = fq(xa) + Ga(za)u

Fig. 3. The hybrid model of the walking gait with two continophases,
single support and double support. Transitions occur abgwaot impact
and swing foot lift off.

1 L
Fig. 2. Planar biped model with point masses shown. Angles @mpli¢s E 05t
are measured positive in clockwise direction. = ’ P <

< S
s 7,
V. SIMULATION 0 s A ‘ ‘
In this section, the presented method is applied to th 1 05 [0] 0.5 1 15
x [m

control of the planar biped shown in Fig. 2. The biped haéig. 4.  Stick-figure plot of the optimized biped gait. Bipedspoe is

P‘?int feet, tWQ legs each with a prismati'c _jOint’ _tWO reve!Ut shown at 10 equally distributed time instances starting withble support.
joints at the hip and a torso. At the leg joints, linear spsingStance foot and torso are shown solid, swing foot shown @ashe

work in parallel to the actuators. More details on the biped
model can be found in [4]. The goal is a periodic and orbita. parametrization
stable gait consisting of two phases, single support and

: ; . The biped gait is determined by the choicelof in the
double support. In single support, the biped is underagetlat . ) .
as the angley; is not actuated. In double support, the biped"rtual holonomic constraints (15) for both phases and ley th

is overactuated with three degrees of freedom choice ofhy » (20). The virtual constraints are required to be

In the following, variables from single support are denote%ans't'on invariant, i.e. if the virtual constraints arelfilled

by an additional subscript while the variables from double a?{s((;czuifiﬂ)trllré Egﬁzteriéi:l:n;i?: fitséioa;;jr;::gi'gggnsﬁgféd
support are denoted by an additional subsaipt )

as Bezér polynomials with the free polynomical coefficients
A. Hybrid Model as, ag4, a, being the optimization parameters. Other free
) . ) parameters are the spring constanand the aforementioned
The considered biped gait can be modeled as a hybr&hgle@; for foot liftoff. The free parameters are summarized
system, consisting of two continuous phases separated jy.-, — [aT,aZ, al k,,607].
instantaneous transitions occurring at foot touchdown and
foot liftoff. Transitions take place if the state enters theC. Optimization

corresponding switching sef! for impact ands; for liftof. Optimization is used to determine a set of parameters

ST =z, | pY(zq) =0}, S5= {:Bd |6 = 9—} 27) which do not violate modeling requirements and which
° ‘ ’ d minimize the integral over squared inputs.
Here, the angled; denotes the angl® at liftoff and

: ) Ta(v)
represents a gait parameter. Impact is modeled as perfectly min —— / lu*(t, )13 dt (30)
inelastic with impulsive collision forces and no slip or v Ls(v) Jo
rebound is supposed to occur. The impact equation can be St mig(y) <0

)
derived from the momentum balance using (1) 81, whjch is with  u* = uly—o — ks [021 g3 g4
not altered by the springs as they are in parallel to joints.
After computing the state after impact, a coordinate ratgbl Here, L, denotes step lengtll;, denotes step timen;, are
is applied to change the reference leg. The transition froie nonlinear constraints and* is the reference actuator

single support to double support is expressed as: input for staying on the zero dynamics. The nonlinear con-
4 straints include the average walking speed is required to be
zy =A{(z]). (28)  within a certain rangév of the desired speed. Furthermore,

the contact forced must be unilateral and within the friction
'cone. The same applies for the impulsive forces at impact.
Another constraint specifies the angléo be monotonically
(29) increasing between impacts, i®> 0.

The SQP based solvédmincon under Matlab was used
The transistions together with the dynamics (2) constiée for optimization. Desired speegies was set t00.9T with a
hybrid model, illustrated in Fig. 3. tolerance of+0.0177. The friction coefficient was set t.7.

No collisions are included at transition from double suppo
to single support, positions and velocities are continuous

zh=AY(z)) == .



14 — ; ‘ As q.1s IS an angle,Hj includes a rotation matrix which is
-~ ~ ~ . . . T T ~
T 1207 S ] nonlinear ing,,s. Hence, ifc = [p{ p2; ...]", thenQ
< 1 S ] is nonlinear function ofg,,s. The angleg.,s in turn is as
P S — 7 _ - - - above a function of. Therefore, it can be concluded that
= 0'8\ ’ 99 _ ¢(g) with 25 + 0, which together with the definition
0.6 : : ‘ _ 90
05 0 05 1 b = 5, closes the proof. |
0 [rad] B. Proof of Proposition 5

Fig. 5. Variablesgs, g4 over @ for the optimized gait. Stance leg length
g3 depicted with solid line, swing leg lengtfy depicted with dashed line.
Start of plot is at impact.

From (9) and (8), the matridD,, is given as

T
D, = (gi) (Dng’%ﬁ,—z2 + D12) + Dzl(%]z + Dy
Dy Dy
Dy; Doy’

Matrix Dy, is a positive definite matrix ad), is positive
definite. The proof of Proposition 4 shows th%%% £ 0.
Therefore,(%)TDn% is a function of# and hence
(#). Thus under definition 24 is not cyclic. B

D. Result

Optimized costs ar8.9 - 10* N?ms with a spring stiffness
of ks = 742%. The duration of double support being a
function of the parameters is 8% of total step time which
is rather short.

The optimized walking gait is shown for one step in
Fig. 4 using a stick-figure plot. The step starts just aftePw = Duw
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