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Abstract— Digital control design is commonly constrained All these problems have in common that they must deal
to time-triggered control systems with equidistant sampling with limited exchange of information between engineering
intervals. The emergence of more and more complex and gnjities. Instead of limiting the transmission rate, thiper
distributed systems urges the development of advanced trig- . . . .
gering schemes that utilize computational and communication introduces a cos_t that penallzes up.datl.ng the control!m \_N'
resources efficiently. This paper considers a linear stochastic CUrrent observations. While the objective of the motivating
continuous-time setting, where the design objective is to find examples is to show the benefits of event-triggered control
an event-triggered controller that optimally meets the trade-off  schemes, there is no general specification how to choose
between control performance and resource utilization. This is optimally the rules, when events should occur. The focus
reflected by imposing a cost penalty on updating the controller . . ¢ '
by current observations that is added to a quadratic control Ofv th'_s pe_lper is a single-loop control system to regulate an
cost. It is shown that the underlying optimization problem It0 diffusion process, where sensor measurements are sent
results in an event-triggered controller, where the controller over a digital network to the controller. The objective is to
is updated, when the estimation error of the controller exceeds find joint optimal controllers and schedulers based on a non-
a apriori determined threshold. The controller design is related classical cost function penalizing communication excleang

to linear quadratic Gaussian regulation and to optimal stopping bet d troller. B heduli fer t
time problems. Contrary to the initial problem, these can elween sensor and controfier. by schedauling, we refer 1o as

be solved by standard methods of stochastic optimal control. determining the optimal timings of the measurements to be
Numerical examples underline the effectiveness compared to sent over the network. Hence, an event-triggered controlle

optimal time-triggered controllers. consists of a (i) control policy that applies control inpfirtsm

L . vailable observations and (ii) a scheduling policy asaign
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i timal stochasti trol. i diffusi ransmission timings. The choice for this cost function is
sampling, optimal stochastic control, jJump diftusion [Ees inspired by related work for estimation problems with lieat

communication capabilities [8], [9]. In [4], [10], optimal
controller and event-triggered schedulers are obtained fo
Recently, many control problems have appeared, wheggochastic continuous-time systems, when limiting the num
event-triggered exchange of information is favorable comber of transmissions for a finite interval and control inputs
pared to periodic time-triggered schemes. Examples caemain constant between transmissions. It is shown in [10]
be found in control over communications [1]-[4], multi-that the optimal event-triggered controller can be cateda
agent systems [5], [6] and distributed optimization aljoris  analytically for the scalar Brownian motion process. Amoth
[7]. It is proved in [1] that event-triggered impulse cortro related problem has been considered in [11], where con-
for scalar stochastic continuous-time systems reduces ttrellers are derived under Poisson distributed obsematiti
state variance significantly compared to a time-triggereid shown that the therein proposed problem is related tatine
minimum variance controller with same average transmistuadratic regulation with an exponentially discountedt,cos
sion rate. Within an impulsive stochastic continuous-timevhen the controller is allowed to be time-varying between
framework, multiple independent control loops sharing @bservation updates.
common digital network are considered in [2]. There, it The main contribution of this paper is to find the optimal
turns out that an event-triggered scheduling scheme ouwvent-triggered controller that minimizes the underlyamgt
performs a time-triggered scheduling scheme in terms dfinction. Built upon results from [12], it is showed withinet
aggregate state variance. Results in [7] indicate that entev framework on continuous-time jump-diffusion processex th
triggered communication scheme for distributed networkhe solution of the underlying optimization problem is eltys
utility maximization algorithms is scale-free with respecrelated to the linear quadratic Gaussian regulator problem
to the network size. In contradistinction, a time-triggere and to optimal stopping time problems. The optimal event-
scheme scales poorly with network size. With respect ttiggered controller is a linear time-variant controlleittw
connectivity maintenance for autonomous mobile agents, dgfains calculated by the Riccati differential equation and a
is shown in [5] that event-triggered control strategy redluclinear state estimator. The event-trigger is a thresholityo
the need of communication significantly, while maintainingof the difference between the actual state and the estimated
a certain degree of connectivity. state at the controller. Optimal policies are obtained by
application standards methods of optimal stochastic obntr
A. Molin and S. Hirche are with the Institute of Automatic \whjch has significant computational benefits compared to
Control Engineering, Technische UniveéitMunchen, ArcisstralBe 21, L . . .
D-80290 Minchen, Germany:http://ww. | sr. ei.tum de, the initial problem. The key innovation are reformulation
adam nol i n@ um de, hi rche@um de techniques of the underlying optimization problem in such
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way that the separation principle of stochastic optimatin Admissible control laws denoted by are time-variant

is still valid. Besides, its numerical benefits, the obtdinefunctions with the following structure:

results reveal additional properties in terms of optimgadit

event-triggered controllers that are proposed in thedliter

ture [13], [14]. Therefore, the obtained results bridgedghp  where 7, is defined to bed. In caser;, is not defined,

between stochastic optimal control under costly obsesmati the upper boundy ; is replaced byT'. Let Z; = {x,,, 7%}

and event-triggered control design. denote the available information at the controller at titne
The remainder of the paper is organized into three sectioriBhe control lawsy are assumed to be Borel measurable.

Section Il introduces the system model and gives the desighcrucial assumption at this place is to allow time-varying

objective within the linear quadratic Gaussian frameworkcontrol inputs that has also been observed in [11] for

In section Il the initial problem is transformed into thePoisson distributed observations. This also differs friw t

mentioned subproblems and the design procedure of th@alysis in [4], [10], where only constant control inputs ar

optimal event-triggered controller is derived. A numekicaconsidered between transmission timings.

validation illustrates the efficacy of the proposed appoac The design objective is to find admissible policiesand

in section IV. counting process that minimize the following cost function
Notation. In this paper, the operatots|:] and(-)T denote

the trace and the transpose operator of a square matrix, T

respectively. The variablB denotes the probability measure .J(v, k) = E [/ x] Qx; + u Ruydt + 23.Qray + My

on the abstract sample space denotedbyrhe expectation /0

ur = Y(Xrp, Ty t), T <t < Thy1, 2

operator is denoted bf[-] and the conditional expectation o ) 3)
is denoted byE[:|-]. The weighting matrices), Qr and R are assumed to be
positive definite. The weighting factok > 0 refers to
Il. PROBLEM DESCRIPTION the amount of penalizing information exchange between

) . . ) sensor and controller, aS[kr| is the average number of
We consider a stochastic systegfmevolving according t0  tansmissions during), T|

the following stochastic differential equation defined as a
Itd diffusion

dxy = Axidt + Buy + dwy. ()

Tk

where A € R™*", B € R"*?. The variables,r; and u, Ty U T
denote the state and the control input and are taking values ¢ P
in R™ and RY, respectively, for each time. The initial
state,z, is given a priori at scheduler and controller. The
variablew corresponds to the vector-valued Brownian motion /\
process inR™ with zero-mean and normalized variance. In
the following, we let(Q2, 7, P) denote the probability space \\N/
generated by the Brownian motion process on the intelr:—_ L s del of th ced | "
val [0, T]. Hence, we restrict our attention to finite horizon_ 2+ ers%’%gm Bisaiuiiaisndiniadiboir i esee,
problems with horizonT. Additionally, let 7; be theo-
algebra generated by the random variahlgswith s < t.

The system model is illustrated in Figure 1. It is assumed Ill. EVENT-TRIGGERED CONTROLLER
that the scheduleS situated at the sensor has complete Determining the optimal control policy and counting pro-
state information. Based on the observation, the schedulegss that minimize (3) directly by given methods is not
decides at any timewhether to send a state updateto the feasible, as it is an joint optimal control and stopping time
controllerC. The controller situated at the actuator directlyproblem with different information patterns. An informati
manipulates the procesP based on the information it pattern refers to the information available for the adrhissi
receives from the sensor. We assume that system paramefswlicy. Hence, results from dynamic programming are not
and statistics are known to both scheduler and controller. directly applicable. Therefore, the subsequent paragisph

Let the process: be a counting process withy = 0. dedicated to show various properties of the underlying-opti
The value ofk; increases byl, whenever a state update mization problem in order to facilitate the calculation bét
is sent over the network. For convenience, the time index tgptimal solution.
omitted in the following. Admissible transmission timings First, it should be noticed that the optimal counting preces
are restricted to be measurable with respecfFipi.e. 7, has only a finite number jumpB-almost surely. That is
iS non-anticipative. Hence; is an F;-adapted process and due to the fact that the cost function (3) would be infinite
the transmission timings, are stopping times [15]. In the otherwise. In order to cater for well-definedness, we can
following the counting procesk and the scheduling policy therefore restrict our attention to counting processes wit
have equal meaning. finite number of jumps if0, T] P-almost surely.




The following lemma is the central results of this paper:(5) and (6):

Lemma 1:The optimal control policyy* minimizing (3) T
has the following structure: / x] Quy + uf Ruydt + x3Qra
0
* T
Uy =7y (Z‘rka’rkat) = 7Lt E[xt|zt]7 (4) :ngQ.ﬁo + / (ut + LtJCt)TR(Ut + Ltajt)dt
0
where T T T
Ly=—-R'B'S,, G . o o0
s With Equation (8), the minimization of cost func-
—d—tt =A"S, +S;A+Q - S;BR™'B'S,, tec[0,T] tion J(v,koT) defined in (3) can be written as
(6)

T
minJ (v, ko T5) = x4 Soxo + / tr[Se|dt + E[Akr]
with initial condition St = Q. v 0

. T
Proof: In qrder to prove the abqve_ Iemmg, we in- 4 minE / (g + Lowe)TR(uy + Loay)dt| .
troduce an equivalence class of admissible pairs of con- ¥ 0

trol and scheduling policies. The equivalence is denote . .
by [(v,k)]. The equivalence relation is defined as foIIows.RS the sample paths of the counting process wifli &)

; : are equivalent for anyy, the communication cosg[\kr]
Two pairs k1) and ko) are equivalent, when .
pairs(y1, k1) and (2, k2) q does not depend on the control policy chosen and can

ko (w) = ko(w), Vw € Q. @) be excluded from the minimization. With the estimation
’ error A; = x; — E[z¢|Z;], we write further
This means transmissions occur at same times for any sampler /7 .
pathw € . Besides, we assume that there is an additionaF {/ (ut + Lexy) R(ug + tht)dt}
side channel transmitting control inpwt to the schedules. 0

T
Hence, past control inputs are part of the information patte —E / E [(ut + Lyz)TR(ug + tht)m] dt
at the scheduler and will be subsequently considered as an 0

additional argument ok. We will later observe that the T

side channel gives only redundant information to the ogtima =E {/ (ue + Lt E[¢|T]) T R(us + Ly E[xtIt])dt:|

scheduler. .

Let us consider an arbitrary equivalence clg3s k)] in +E [/ AtTLtTRLtAtdt]. (9)

the following. The sef(7, k)] is parameterized by admissible 0

control lawsy, while the scheduling policy denoted by 75 Last equality holds, becausk; and E[z;|Z;] are orthog-

is prespecified byk and a transformatiorV= constructed onal in the corresponding Hilbert space.

by 7. The transformatiory is defined as follows Next, we observe thaf\; is a random variable that does

. not depend on the control law chosen within the equivalence

— At—s - class for any. This is due to linearity of the system evolution
=t /0 e TIB((Er,, e 5) — us)ds. given by (1) and the fact that the output and the internaéstat

) . _ of the scheduler is not controllable hy,. Therefore, the
This transformation recalculates the state that resuliefW |55t term in Equation (9) is constant within an equivalence
and 7 were used and is independent of the applied conqass and can therefore be omitted from the optimization.
trols w;, t€[0,T]. This implies that the transmission The remaining cost function excluding all other constant
times 7. are independent ofi,, ¢ € [0,7], which is in  gymmands is non-negative dueRdbeing a positive definite
accordance with Equation (7), i.e. matrix. The remaining cost attairls when the control law

_ - is chosen to be given by
(7, ko T5) € (7, k)]
U = _Lt E[$t|It]

On the other, it should be noted that the prespecifie
scheduling lawk o 75 is not unique to represent the equiva-

lence class(7, k)]. But as it describes uniquely the behavior,girql inputu; can be recalculated at tindy Equation (4),

of the scheduling law for any sample path within a equivaag the scheduling law is fixed. Therefore, the side inforomati
lence classk o 7; replaces every other valid realization of o, anne transmitting the control inputs is not needed by the
a prespecified scheduling law representifig, k)] without  ¢.naquler.

changing the evolution of the system. Finally, by considering any arbitrary equivalence

Within a given equivalence clasigy, k)] parameterized ¢jass[(7, k)], we are able to construct a paif*, k o 75)
by control policy v, we want to find the optimal control having a cost

policy v*. For that reason, we state the following identity . - _
taken from Lemma 7.1 in [16] witiL, and S, chosen as in J(V ko Ty) < J(v, ko T5).

ﬁence, the optimal controller within a equivalence class
is given by Equation (4). Within an equivalence class, the



Besides, the sets of equivalence classes partition theletanp (a) control policy
space of admissible solutions. Thukattains its minimum
globally with v* and a optimal scheduling law that is yet to uy = —Ly Elw|Z,]
determine. This completes the proof. [ | with L, given by Equation (5),

Remark 1:1t should be noted that in general the resulting () estimator
augmented output system has the dual effect for a fixed
scheduling policy. The terndual effectcomes from the Elzy|Z,]) = A= B3 and  (10)
dual role of the controller, i.e. (i) affecting state evabut
and (ii) probing the system to reduce estimation uncestaint
[17]. For systems, where the latter property is present, the £
determination of the controller is in general very difficult J=(k) = minE
By our construction of the equivalence relation, probing ’
the system by the controller will not reduce estimation where A, is a jump-diffusion process
uncertainty, when considering scheduler 7. This fact {

(c) scheduling policyk* which minimizes

T
/ ATLIRL:A 4 Mk |, (1)
0

dAt = AAtdt + dwt,
A, =0

facilitates the calculation of the optimal control law are t
task of regulating uncertainty within the system is fulliea
over by the scheduler.

Remark 2:It should be noted that a crucial assumption
of Lemma 1 is that the controller is allowed to be time-
varying. For time-invariant control laws, the proposed -con
sideration of equivalence classes does not carry over a
e abanona ooe o o " OBt (0 aer 1o weleedness, he complemenary
proof should be rather regarded as a technical means to pr tFt_ - Ft\RT_L _Of this set is assumed to be open and
above lemma. It enables the use of standard approachesf:f’(?taln the origin for alit € [0,T]. In case of no update

show that the separation principle holds within an equiva{—s transmitted, this information can be used to improveestat

lence class. Eventually, any control input resulting from aestlmanon, because the controller knows fgz 7, that A,

admissible control input can be recalculated by the sclmedulmus.t be inF. B.y cons@ermg the fact that the Brownian
asu, is an F;-adapted process motion process is a Martingale and the sub-level sets
t - .

The remajning i;sue is to derive the estimaﬂ{mﬂzt]laljd D.={AJATLTRL,A; < ¢}
the scheduling policy. It should be noted that the estimiator _ _ S
not necessarily equivalent to a estimator, where trangoniss aré point symmetric to the origin, it can be seen that
timings are predetermined beforehand. A counterexamplge setsF; are also point symmetric to the origin to be
for this fact is given in [18] for the estimation of countingoptimal [12]. The remaining degree of freedom is a time-
processes. An intuitive explanation is that not receiving avarying bias terma(,,t) added to the least-squares esti-
update can be used as information to improve state estimatigiate which does not incorporate additional knowledge about
at the controller. transmission timings. Due to this fact and [19], the estanat

In the following, we revise the cost function defined in (3)is given by
by taking Lemma 1 into account. Determining the optimal (A=BL:)(t—71)

. . E|x:|Z:| = ¢ k

scheduling policy reduces to [:f i) = e T+ T b),

12)

with initial condition Ay = 0.

Proof:
The structure of the optimal control policy is obtained by
rlT?mma 1. The decision, whether to transmit a state update
at time ¢ is given by a Borel measurable sét € R™.

T where o is a Borel-measurable functions af,, and ¢
min E [/ ATLIRL; A+ Mkr |, mapping toR”. The bias termy comprises the dependence
k 0 on the scheduling lavk.
where A, = z; — E[z4|Z;] is the estimation error. At jumps It turns out that any non-zero bias temmincreases the
of k, that is atrs, the estimation error is zero, i.e. overall cost, as it increases the average estimation engr a
transmissions occur more likely [12]. Hence, the optimal
Ar =0. estimator is equivalent to the optimal estimator for fixed
We observe that estimator and scheduler are coupled in thensmission timings. This implies that the optimal state
the scheduler policy affects the estimator design and viegstimator does not depend on the scheduling policy and is
versa. In other words, the state estimé&fe;|Z;] depends given by Equation (10). The estimation error evolution &th
on the scheduling policy:. This issue is resolved in the given by Equation (12). Ad\; forms a time-inhomogeneous
following theorem by stating that the optimal estimatoMarkov chain controlled byk;, the estimation errof\; is
is the equivalent to the state estimator for deterministia sufficient statistic for determining the optimal scheagli
transmission timings. Besides, Theorem 1 summarizes tpelicy k£ by Equation (11), [20]. This completes the proof.
complete design procedure. ]
Theorem 1:The optimal event-triggered controller mini- Remark 4:1t can be observed from Equations (11)
mizing (3) is given by and (12) that the optimal scheduler is a threshold policy



communication penalty takes valuks [0, 0.1]. We suppose

meyeranrsery B the optimization horizon is given by = 1.

L a=00 ud ' 1 The optimal event-triggered controller given by Theorem 1
P4 ’ is compared with the optimal time-triggered controller ghi

- ST . 1 may be asynchronous. For the time-triggered controller,

4 - | transmission timings are determined beforehand to mimiz

% the cost function/ in (3). It is straight-forward to show that

S of 1 for such type of controllers the optimal solution is given

£

3

‘‘‘‘‘‘‘

by (a) and (b) of Theorem 1 and optimal transmission tim-

-~ 1 ings that are solved by deterministic dynamic programming.

b Timin . . Therefore, both optimal event-triggered and time-trigger

\ controller differ solely in the ternyE given by (11).

N ' 1 Figure 2 illustrates the optimal event-triggered policgtth

N~y depends on the estimation erify;. The resetting thresholds

T are indicated by the dashed lines fare {0.001,0.01}
and Qr € {0,1}. In caseA; reaches these thresholds, a

2 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ state update is sent to the controller afd is set to zero.

== =X =0.001 i It is clear that these thresholds increase with growings

4 transmissions are more costly and occur more sparsely.

! In Figure 3 the optimal transmission timings for the

- time-triggered controller are shown for various parameter

b s T T T T T T T L sets\ € {0.01,0.001} and Qr € {0,1}. Transmission tim-

----------------------- ings occur at jumps ofk,. For the case o = 0.01 and

1 Q7 = 0, it is optimal not to sent any updates. For the con-

N sidered settings, there is a similarity between optimaheve

Tl triggered and time-triggered controller. When approaching

e SR N horizonT updates are transmitted less likely for both event-

i triggered and time-triggered controller. This fact shovwes u

significantly, when the objective function has no terminal

- ‘ ‘ ‘ ‘ ‘ : ‘ ‘ L cost.

Figure 4 gives a comparison between the optimal solution
given by Theorem 1 and the optimal controller that chooses

Fig. 2. Optimal event-triggered scheduler with indicatedtaing thresh- 4 transmission timings beforehand. As the optimal tiring

olds for different parameter sets. The upper graph considergerminal . . .

cost Q1 = 0) of .J. The lower graph considers cogtwith terminal cost fOr the optimal time-triggered controller are lower bouffiois

2T Qra with Qr = 1. optimal periodically sampled controllers, the dasheddliime
Figure 4 are lower bounds for the optimal periodically sam-

depending on the estimation errdy, at time¢. This ob- pled controller. It can be observed that the céStincreases

servation reflects our intuition that the controller shouldy at least 50%, when optimal transmission timings are

first be updated, when a certain amount of uncertainty @etermined beforehand instead of using the event-triggere

surpassed. The threshold policy is computationally aitrec  scheduler. For\ > 0.01 and no terminal cost, we have the

as the scheduler at the sensor-side just needs to compspecial case that it is optimal not to transmit any updates.

the predicted estimate of the controller and compare it with is clear that for such setting event-trigger and timgger

the current state. If the estimation error exceeds the @apridave similar performance.

determined threshold, the scheduler sends the curremt stat

to the controller.

Remark 5:Optimization problem (11) can be solved By considering an i diffusion process, this paper solves
with stochastic dynamic programming by using discret¢he problem of jointly optimize the control and scheduling
approximations, which converge to the optimal solutionpolicy of a non-classical cost function that incorporates
see [21], [22]. These are used in the subsequent sectionddammunication costs between sensor and controller. It is
order to determine the optimal event-trigger numerically. showed that the underlying problem can be transformed into
tractable subproblems related to linear quadratic reigulat
and optimal stopping times. These subproblems can be

In order to conduct a numerical comparison with timesolved by standard numerical methods. Numerical examples
triggered controllers, we consider a scalar diffusion pssc demonstrate the efficacy of the proposed approach compared
given by (1) with A = 0, B = 1. The parameters of to the optimal time-triggered controller. Future work undés
cost functionJ in (3) are chosen to b§) = 1, R = 5 the extension to the infinite horizon case with discounted
and for the terminal cost we consid€}; € {0,1}. The cost, where ergodicity issues are to be considered, ertensi

time ¢

estimation error A

time ¢

V. CONCLUSIONS

IV. NUMERICAL VALIDATION
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