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Abstract— An algorithm for hybrid optimal control is pro- overall linear complexity in the amount of switchings [6].
posed that varies the discrete state sequence based on gradient|n [7] and [8], the optimal sequence is found by relaxation
information during the search for an optimal trajectory. The techniques. In [9], needle variations of the discrete state

algorithm is developed for hybrid systems with partitioned . . . . .
state space. It uses a version of the hybrid minimum principle &€ inserted in a given discrete state sequence and gradient

that allows optimal trajectories to pass through intersections of Methods are applied to find the optimal switching times. For
switching manifolds, which enables the algorithm to vary the switching systems with autonomous switching, approaches
sequence. Consequently, the combinatorial complexity of former with low computational complexity are widely missing. For
algorithms can be avoided, since not each possible sequence hasexample in [10-12], the algorithms for autonomous switch-

to be investigated separately anymore. The convergence of the . h tial lexit ivle di t
algorithm is proven and a numerical example demonstrates the Ing have exponential complexity as every possibie discrete

efficiency of the algorithm. state sequence is investigated separately. An approach for
reducing the complexity in this system class is given in [13]
. INTRODUCTION where numerical techniques for solving continuous optémiz

Hybrid systems show a close interconnection of discrettéon_pmblemS are Comb'”‘?d with symbolic teghnlqu_es for
olving constraint satisfaction problems of logic varesbl

and continuous dynamics [1]. The continuous d namic% . .
y [ y ased on a value function approach, a method suitable for

is usually described by differential or difference equagio | di ional t is developed that sh
including continuous variables. Logic variables are assig ow dimensional systems 1S develope at snows a very
low complexity increase with the number of controlled and

to different discrete states of a hybrid system, where dtscr .

states differ in their continuous dynamics. Furthermone, t autor?omou_s swﬂchmgs [14]. ) o )
discrete structure defines how a discrete state can be ahange ThiS motivates the introduction of an efficient algorithm
The question how to control such systems optimally attchcte€veloped for hybrid systems with partitioned state space
remarkable attention in recent years. Answering the quresti 21d only autonomous switching is considered. The algorithm
turned up to be challenging since in general methods f&S€S necessary optimality conditions provided by a novel
optimizing the discrete or continuous part separately ate nVersion of the hybrid minimum principle (HMP) [15]. The
suitable for the optimization of their interconnection. introduced HMP can deal with non-smooth and intersecting

Different concepts emerged to tackle the problen?w'tCh'”g manifolds, such that.gradler)ts of the cost fluorcti

like mixed-integer programming [2], value function ap-Can be evaluated at these points. This allows us to develop

proaches [3], and the hybrid maximum principle [4]. Thedn algo'rit'hm.that varies the Qiscrete state sequence c!uring
task of finding an optimal discrete state sequence ofterslealfi® Optimization process, which reduces the computational
to a combinatorial complexity in the number of discreteestatCOMPIexity to find a (locally) optimal state trajectory and
transitions. Several approaches have been proposed on éfffcrete state sequence significantly. The algorithm is ini
ciently handling or avoiding the combinatorial complexity ilizéd with a discrete state sequence and corresponding
For general hybrid systems, relaxations and a branch-angi¥itching states and times. Next, an underlying optimazati

bound method are applied in [5] to reduce the amount dputine determines the optimal solution from switchingroi
discrete state sequences to be investigated. to switching point. By evaluating optimality conditionsthe

Especially for the class of switched systems with On|}§witching points, the latter can be shifted and consequent!

controlled switching, efficient methods exist that avoigex ¢ discrete hstate sltlaquencg ca}n tie varied with a gradient
nential complexity. By the construction and pre-compotati d€Scent method until an optimal solution is obtained.
of optimality zones, it is possible to find the optimal digere ~ Sec. Il introduces hybrid systems and the non-smooth

while its convergence is proved in Sec. IV. Sec. V discusses

B. Passenberg, M. Sobotka, and M. Buss are with the Instiite the effectiveness of the algorithm for a numerical example,
Automatic Control, Department of Electrical Engineering dmforma-  gnd Sec. VI concludes the paper.
tion Technology, Technische Univeidit Minchen, Minchen, Germany.
{passenber g, mari on. sobot ka, tb}@ um de

P.E. Caines is with the Department of Electrical and Computgjirieer-

ing and the Center for Intelligent Machines, McGill Univigys Montréal, [I. PROBLEM FORMULATION
Canadapeterc@i mnegill . ca
O. Stursberg is with the Institute of Control and System Thebepart- Hybrid systems with partitioned state space and au-

ment of Electrical Engineering and Computer Science, Unityeo$ Kassel, L .
Kassel, Germanyst ur sber g@ni - kassel . de tonomous switching are introduced as follows.



Definition 1: A hybrid system is &-tuple

H:={Q,X,T,U,F, M,T}. 1)

O

Assumption 1:

e QO = {1,2,...,N,}: set of discrete stateg with N,
being the number of discrete states.

o X = Ui<4<n, Xt union of all state spaces;, =
0X, U Xq C R™= assigned to every discrete state
where X = R"+ anddim(x) = n,. The interiors of all
state spaces are disjoint; N Xy = 0, j,k € Q, j # k,

while the boundaries of neighboring state spaces have

a non-empty intersectiofX; N 90Xy, # 0.

o U = {U,}qec0: collection of compact set&, C R™
of admissible continuous control values withm(u) =
n,. The control functionsu,(t), ¢ € Q, t € [to,te],

t. < oo lie in the set of admissible control functions
U, denoting the set of all measurable and bounded
functions on the intervalty,t.] taking values in the
compact seté/,. The collection of control functions is

denoted byl = {U,}4e0- X : [to,te] — X denotes

a state trajectory of the hybrid system with initial an

final time ¢y andt..
o F = {fq}qeco: collection of vector fieldsf, : R"» x
U, — R" defined for eachg € Q. The vector

fields are at least once continuously differentiable, i.e.

fq € CY(R"= x U,,R"=). They fuffill a uniform Lip-
schitz condition, i.e3L < oo such that]| f,(z1,uq) —
Fa@a, ull < Llar — aoll, 1,25 € B™,u, € U,
and|[|.[| == [|.[l2.

o M = {m;}jreo,j+i collection of switching mani-

Note that these assumptions are important for the existence
of a unique execution of the hybrid system and for the
existence of an optimal contrdl.

Assumption 4:Let a trajectoryy(¢) go from discrete state
j directly toj+1 throughz, € Om; j41NOM; xNOMy j41,
j.j+ 1,k € Q. Then it is assumed that there exists €
U, such that a neighboring trajectoryy(¢) passing the
additional state: in-betweenj andj + 1 can be found such
that x(¢) is arbitrarily close tox(t). O

Definition 2: An optimal sequence*(¢) and optimal con-
trol and state trajectories®(¢) and x*(¢) minimize the cost
functional

N t
J = g(zq.(te)) +
9 ;/t

while satisfying initial conditionsy andqp, final conditions
h(te,z(te),q(t.)) = 0, the discrete mappind' and the
continuous dynamics

Tq, = fQ'i (xqq' (t)’ Ug; (t)) ©))

for a.e.t € [t;,t;+1) and for everyi € {0, ..., N}, where the

i+1

Gqi (g, (1), uq, (t)) dt — (2)

dnumber of switchegv is an outcome of minimizing (2). The

terminal cost functiory € C'*(R"=,R) and the running cost
functions¢, € C'(R"> x R"= R), ¢ € Q are at least once

continuously differentiable. O
Definition 3: A switching pointz; is the vector consisting
of the switching state-time paie; = (27 t;,)T with

Mg, . (x;) = 0. Here,i denotes thei-th switching. All
switching points are summarized in the vector
4

z=(20 21 ... 2y 2nv31)7,

folds, wherem, , € C*(X;,R). An autonomous transi- Wherez, is the initial state-time pointzj to)". Usually, the

tion from discrete statg to k& occurs at time; for x(¢;)
on the manifoldm; ,(x(¢;)) = 0 with codimension 1.

terminal pointzy; = (27 t.)7 is only partially specified,
e.g.z. ort. might be free. All switching times must satisfy

The set of points on a switching manifold is denoted byo < t1 < ... <ty <. O

M, = {z|m; () = 0}. In X, the boundary between

Definition 4: Supposey*(t) to be an optimal trajectory

neighboring partitions is defined as the switching manand z*(¢;) € M,,_, ,, to be an optimal switching state.

ifold m; ,(z) = 0 Vo € 0X; N 0A}, # (. This implies

Thenz*(t;) belongs to a closed region locally defining the

thatm;, = 0, j,k € Q,7 # k may have a boundary maximally reachable region for theth switch by control
dm; ;. and that neighboring switching manifolds inter-trajectoriesu(t) € Y. The time intervall; = [a;, b;] denotes

sect at those boundaries, i@m;, N om;,; # 0 for

the time span in which that region can be reached. All time

some pairwise different,k,! € Q. The intersection intervalsl; are collected irZ = {I;};c(1,... N} O

dm; . N Om;, forms a piecewiseC'! submanifold of

codimension 2, on which there exists a deterministi@re discrete stated,, ..

decision if it is switched td: or [. Switching manifolds
are orientedm; x(z) < 0 Vz € ;.
e I': @ x X — Q: discrete transition map.
Assumption 2:The switching timest; are well-defined,
andvz(t;) € M, the vector fieldsf;(x, u;) and fi(z, ux)
are non-vanishing at and transversahig; = 0 with j, k €
Q for the appliedu; € U; anduy € Uy. This also implies

that no accumulation points of switching (Zeno points) ofa, 4, With di,d; € {d1, ..

sliding motions occur. O

Assumption 3:At time ¢y with given initial conditions
(q(to),z(t0)) = (qo,20) € Q x X, for all switching
manifolds it is assumed that,, ;(zo) # 0 Vj € Q. O

Definition 5: Direct neighbors of discrete state € Q
dn, € Q whose state spaces
X, .-, Xg,, have a common boundary withi;. Switching
manifolds m; 4, , ..., m; q4,, denoting the common bound-
aries are calledirst-order neighboring switching manifolds
Suppose a trajectory(t) passes discrete stafeThen those
manifolds m;. g, , ..., m;,q,, that x(¢) crosses when leaving
discrete statg are denoted bW} := {mj x|m; 1 (z(t)) =
0,7,k € Q}. Second-order neighboring switching manifolds
.,dn, } Separate two neighboring
discrete statesl;, and d;, which are reachable from state

1t is possible to consider hybrid system executions beyoedoZpoints
[16], but as Zeno points are not in the scope of this papey, dahe excluded
by assumption.



4, from each other. The switching manifolds of secondthe switching sequence during a single run of the algo-
order, whose boundarie®$mg, 4, C 0X; are hit by x(¢), rithm, the exponential complexity of earlier algorithms in

are collected in the seft/’j?. O a neighborhood around a local minimum is avoided. Earlier
Theorem 1 ( [15]): Let Assum.1, 2, 3, and 4 hold, then algorithms that use indirect shooting methods can onlyesolv
all controlsu* (locally) minimizing the cost functional the HOCP for a pre-specified sequence of discrete states
. . i.e. finding a locally optimal solution required to searcleov
S (") = Inf J(u) ®) every possible sequence in a certain neighborhood, leading

lead to the fulfillment of the following conditions: to a combinatorial complexity.

1) The differential equation (3) is satisfied.

Concept
2) There exists an optimal, absolutely continuous adjomt P ) )
process\* such that: The algorithm contains two layers. The optimal control
. problemJ(u) (2) is transferred to a probleh(z) depending
N (6)  on the switching point vector. This is achieved by consid-
for a.e.t € [t;, ti and everyi € {0,1, ..., N ering between two conse'cutlvef switching ponaltsand Zit1
¢* (1) with t[he J;2n|lton|anHw( ({) At), u }( )q)’ _only state and control trajectories, that satisfy the oglity
qi ? qi -

T _conditions (3), (6), (7), and (10). Finding the trajecterie
iqrb{g(géﬁﬁzgrg)():otla\i(tjif())ngqiw(cﬁg)fgzi(t)) The follow between two switching points forms the lower layer. On a
. o . o higher layer of the algorithm, the switching points are @dri
a) Terminal condition ifz(t.) is not specified: until the optimality conditions (8) and (9) are satisfied.
N (te) = Vag(z(te)) ) In every iteration/, the algorithm produces a feasible
sequence of discrete statgs= (¢!, ..., qﬁw)) and switching
points 2! = (2T ¢H)T, i = 1,...,N(I). Here, feasibility
means that an optimal contral(t) € U exists, which
transfers system (3) from switching poinf to z!,,, i €

b) If an autonomous transition withng ; €

NC}P and myy, € N7 with ¢ 1,5,k € Q

is triggered at time,;, i€ {1,..., N}, then:

N (t—) = A\ (t; {0,1,..., N(1)}, without leaving the state space,.
() =X () N0}, :
Algorithm 1:
+ Z HVana;_,i(@(ti)) Step 0: Find a feasible initial sequencg = (¢9, ...,
My equl . q?v(o)) with switching pqintSz?. Setl=0andj = 1.
+ Z TGy Va Tl k(2 (8:) @)  Step1: Solve the optimal control subproblems
mj,ke./\/gi71

tiiq
with constant and optimal Lagrange multipliers %1 o = r,?(ltr)l/ bq,(2(2), u(t)) dt

Mgz yd) Tk € R Gii1s k€ Q, . .
3) The Hamiltonian has to fulfill the following conditions: Torted\{ery (tjlsctrete statt?: Gt a,? GI {O’tl’ ...,i\f(l)}. Indtged
a) Ifattimet;,i € {0,1,..., N} the system switches ast discrete statgy ), the terminal costg(z(t.)) are adde

autonomously frome - 1o a*. o < e 0 to subproblem (11). The optimization usgsas initial value
y omg;y 10 4;s ¢i1: 4 ' andz!_, as bounding condition, and it takes the dynamics

(11)

then: (3) and feasible control trajectorié, into account. Indirect
Hgr_ (ti—) = Hg: (t:) 1f &5 € (as,b;) shooting on first-order optimality conditions is used [g,17
Hg: ((ti—) = Hg: (t;) 1 ti=a; 9) Step 2: Determine the gradient of the cost’}.J(z!) pro-
Hgr (ti—) < Hg:(t:;) if t;=10; . jected onto the corresponding switching manifoldg,

b) The minimization condition with respect tg., for all 2. If VZEJ(ZZ) = 0 Vz, then stop.
g €Qis: Step 3: Execute an Armijo-like step [18] for the update

v e s . of the switching pointzé- to reduce the cost based on the
Heyp (27, X" uge) < Hy (27, A%, 0) (10) gradient information. The Armijo-like step is taken alovhl@t
for a.e.t € [ti,tir1), i € {0,1,...,N}, and for Switching manifoldm, g =0 in direction — V’”J( D,

everyv € Ug:. [J  such thatxl'H € qui a . If the step proceeds beyond

1. ALGORITHM the boundaryamz L then zl“ is projected onto the

neighboring swnchmg mann‘oldn gt gl with qJ . =
1

This section introduces an algorithm that finds a locally
optimal trajectoryx*(¢) based on the optimality conditions ql+1 and qJ # q“r and pOSSIbly further manifolds. The
of Theoreml. The optimality conditions are utilized SUChArijO step is taken for each switching poilaj separately,
that the discrete state sequence may be varied during thg in simulations, this turned out to be more effective than
search. This implies that the algorithm can be initializedipdating allzj» at once. The optimization problems (11)
with an almost arbitrary sequence, which will be changedre solved for all discrete states in the sequence resulting
until a local minimum of the cost is reached. By varyingfrom the Armijo step. If the Armijo step is successful, then



increasel andj and goto Stepl, else repeat Step with a  If Zl“ €M, L o the update of the switching point is valid:
decreased step-size. zH'l = ‘l“ If z ‘l“ ¢ Mg _ g, itis on the unbounded
'ussttﬁp d4ett(|af djﬂ; ]I\; (st) vax::é%r:nme%?%thatt:;i 2ltgtor'thlnlohasexten5|on ofM,: .. Then, zl“ has crossed the boundary
J P 9p @ = Omgr gt WhICh |mpI|es that the update stepl.: enforces

I+1

Stihgf:ﬂ:;gza st?c?r? gt?rtr?méatreya(.)f the algorithm, the most new sequencé+1 of discrete st;’;ttes Note that for reasons

important steps are discussed in detail. of convergence only sequencgd’ are considered that are
neighbors of the old sequengk i.e. there must exist trajec-

B. Gradient of Costs on Switching Manifold tories !+ () with ¢!** andx!(t) with ¢! that are arbitrarily

In order to update a switching poinf, a directiond., is close to each other.l Tlhe old sequente= (x, A, x) differs

chosen, which leads to a lower overall cogt"*!). Here, TOM thel new oney = (0, *)lJ'r”l the ls+ulbseque_nces

the projected gradient V7;.J(z') of the costJ(z') is used A = (g bip,) @O = (g7, giTm ) With

as descent direction. Projected means that only the part w € No. Here,p andw denote how many discrete states

the gradientV_..J(z!) is considered, which is tangential to isappear from the old sequengeand how many are added

AT . : to ¢'*1, respectively. For examplg, = 0 andw = 1 imply
the switching mamfoldnqi_l’qﬁ. The analytic expression for that A — ¢ and O — {qﬁﬂ}. For simplicity and without

VZJ(ZZ) _ (Vﬁ JT (2 v (Zz))T (12) loss _of generality, in the following only = 0 andw =1 is
. _ : T considered.
is basically given by the optimality conditions (8) and (9): For Mg g () = 0, assume that the trajectory of
VI(2) = A(t) — A(t-) iteration I jumps from discrete statg! , to ¢!. Then the
z sequence(q), ...,q!_,) remains the same for iteratioh+
+ Z Ti(gi-1,5) Va5 (2 (t;)) 1, since only the switching point! is shifted. From the
Mg, _1,5€Ng,_,(0) switching pointz! lying on the manlfolquz . (b)) =0
n Z iy Ve (x(t by (13) antj W;Tl the scaled descent d|tect|otd . the 'SWItChII’tg
m; ENZ(0) point z;"~ has to be found on a different SWItChII’lg manifold
et mp1 e (2) = 0 with ¢/, = ¢/ and ¢} # ¢
vnl’t (Zl) = H‘h—l(téi) - H(Ii (tg) ) (14) P

To find 2!, a projection P(z}, ad, 1) that maintains the
where ¢;_1,j,k € Q. This result follows directly from length||lad,:|| is applied. The projection works as follows:
the proof of (8) and (9), e.g. in [15], or from results andBasically a circle around! is considered with radiugad, il
proofs of the standard calculus of variations [19]. To abtai 5g tangen¥,.m (z1) at Zl+1 Each intersection of the

m q _ q
Vi J ("), itis necessary to know all values in (13). Unique ¢jrcle with switching manifolds delivers a candidate for a

solutions are obtained, if only the largest set of linearlyew switching point. Out of the set of candidate points, a

independent vector,mg, , ;(x(t})) and V,m;.(z(t}))  subset is picked, which contams the switching powft_%l
from (13) is considered. Combining the selected vectors igng Zl+1 leading fromg! |, = ¢! overg/*! to ¢/T! =

7 - qz
the matrix ¥ and defmmg@ = Ati=) — A(#), then the (smcep — 0 andw = 1 in this example). From]lﬂ
VeCtorT = (7 (4,_,.4,),---)" €an be found as the minimizer o the rest of the old sequentg ;. ..., d ;) With the

+1 = qz
of vm (') by a least squares regression, see [10]: old switching points completes the new sequegicé. If no

7= (0T~ 1uTy . (15) intersection of the circle with a switching manifold restirg
q¢'_, exists, then the projection is declared to be infeasible
The descent direction for the Armijo step 4tis: and a new trial is started with a reduced step $ja€.,||.
dy = -V . (16) The property of the projectioP(z!, ad.. ) to keep the_
: % length of the update step equal for aII candidate points
C. Projection of Switching Points becomes important in the convergence analysis.
In general, the projection of switching points on nonllnear
switching manifolds and for non-convex state partitiois D- Update Step

can be handled numerically. To enable a simplified imple- The new sequence't! and the new switching points
mentation of the algorithm, the switching manifolds are;'*' found in Part IlI-C are checked with an Armijo-like

assumed to be affine and all partitiod$ to be convex. condition [18] for suitability. The update is accepted if:
For affine switching manifolds, non-conve¥, can be con-

vexified by introducing additional switching manifolds.rFo JEY — g2 < —Toad d, ! if Zl+1 IS Mg Ll

convexX,, also all switching manifolds are convex. - —Toozdmmdmn if 2! ¢ M, d
To update the switching point, a candidate! ™ is found B (18)

by proceeding from! in the descent direction Wlth step size i

o wi

2 =z +ad, . 17) ldminl| = min((|d ||, [|[d e[|, [|d 0 l]) - (29)



for w = 1, with 7y = 793, and the design parametets 5 € Proposition 1: If Algorithm 1 has sufficient descent and
(0,1). Introducing d,,.;, in (18) extends the usual Armijo bounded cost, then it is convergent. O
criterion [18]. The extension turned out to be necessary for  Proof: If the algorithm has sufficient descent, then at
the convergence analysis and guarantees that the discretery switching point! in the infinite sequencéz!}>, the
state sequence changes if this is required to find a localbpst.J will decrease by a non-zero amount. Ass bounded,
optimal sequence. If the updated switching point vectathis must lead to convergence in the sens®ef. 6. ]
satisfies (18), then'™! andq'*! are valid and the algorithm  Now, it is shown that the applied Armijo-like criterion
updatesz/T{ in the next iteration, otherwise is decreased. ensures that the algorithm has sufficient descent. At first,

Here, a := {max(cfA?)|p € No,p s.t. cg? fulfills (18)} it is proven that an Armijo-like step is always possible if
with ¢ € R* is chosen as the largest valag? fulfilling  elementwise||z! — zf|| > & for any k > 0, for i €
(18) [20]. Armijo’s condition assures sufficient decrease o{1,..., N(I)} and corresponding € {1,.., N*}. Here, the
the cost.J for a sufficiently large distance betweeh and piecewise differentiability ofJ projected onto switching
the corresponding points ™ andz!*1 in the sequencg™'.  manifolds is applied.

. . /L+1. .
In the following, the scaling factoe is omitted for shorter  Pproposition 2: Let J be continuously differentiable in a
notation. neighborhoodB(z!,r), » > 0, |[2!T! — 2!|| < r and let
IV. CONVERGENCE 0 € (0,1), B € (0,1) be specified. Set'*! = 2! + gPd.,

Here. the classical  of ¢ | .thanddz;, = -VmnJ(z!), sothatv™JT(z!) d.. < 0, then there
ere, the classical concept of convergence of an algorithili & » finite, N, such that

[21] cannot be applied, since the dimensidi{l) of each
switching point vectorz! (4) in the sequence of iterations J(2' + pPd) — J(Z < —7opPdl d (21)
{z'}22, may change at every iteratidn Furthermore, the -

gradient of the cost projected onto the switching manifoldse. the Armijo-like criterion is well-defined for update&!

V() = (ViJT (), ...vm JT(zh)T is only piece- that leave the sequengé = ¢'*! unchanged. O
. . Zl Nl . . .
wise continuous. However, the codtis continuous on the Proof: See [20]. [

whole state space according ltemmal in [15]. For these Condition (21) can easily be shown to hold also for vari-

reasons, a different concept ebnvergent algorithnsimilar ~ ations at single switching points] with the gradient of

to the one used in [22] is introduced. the costV:’gJ(zl). Next, it is shown that the criterion also
Definition 6: An algorithm is convergent if every holds in a similar form for updates leading to a change in

sequence {z'}°, fulfills the elementwise condition the discrete state sequence. Therefore, define the swgtchin

limyo ||z} — 25| = 0 for i € {1,.,N()} and its pointz,; = zj + f°d.. with s € R on the intersection
corresponding € {1,..., N*}, whereV7*J(z*) = 0. [0 of two neighboring switching surfaces, that memﬁg €
Remark 1:For simplicity, it is assumed that an optimal Omgr_ o0 NOm 41 . Furthermore, a switching point,

switching point vector:* satisfiesV"J(2*) = 0. But note  that remains unchanged except for a changg™af.. in the
that there exist cases, whe¥g)!J(z*) # 0 for somej €  ;_th sybvector, is denoted by (87d..). '
{1,..., N*} according to (9). O Proposition 3: For iteration k, let z; ¢ Mk Lt Vj €
In the sequel, it is shown step-by-step thdgorithm 1 is (1, N*}, |25 —2|| >0 V2 € My, 0> 0. andzF ¢
AR 1 g a5 1,97 ’ 7

convergent, compare also to the proof of the algorithm fof,  Then there exists an iteratidre N. 7 > k. and a
q; " y U2 Ty

. . : f : 4;_1-4;
systems with controlled switching in [22]. As derived Iaterp c NO such that

the algorithm converges, if there is sufficient descent for a

bounded cost. J(ZFY) — J(ZY < —7BPdE dimin (22)
Lemma 1:The costJ is bounded for any feasible trajec-

tory x(t) with initial condition z, at to, switching pointsz;, ~ where [|dmin|| = min(||d..|l,[|d i+ ]l, ||d25¢;\|) and the

and final conditionz, or .. ©) updated sequencg™! is different from the old ong'. [

Proof:  From Assum.l, f,(z(t),u,(t)) is Lipschitz The idea of the proof is the following: An update of a
continuous and bounded with respect to its arguments. FeWitching point leading to a new discrete state sequence
all g € Q, the trajectoryx(?) is in a compact set. Here, it is js separated into a part that remains on the old switching
assumed that, .tfie is SDECiﬁEd, it is reached in finite time. As manifold and a part on one of the new Switching manifolds.
the cost/ is continuous ang(xz(t.)) andg,(z(t), uq(t)) are  Formulating the difference between the costs of the new and
bounded with respect to their argumenjté(z)| is bounded the old discrete state sequence in terms of Armijo steps in

from above. B poth parts of the update step and combining the results, then
Definition 7: Algorithm 1 has sufficient descenif for  jt can be shown that (22) can always be fulfilled.

every iteration/ and everyx > 0, there exists) > 0 such Proof: Assume first, thatz* € M. ., where

that, if elementwise|z; — z;|| > « for i € {1,..., N(I)} and A « the mterior of 1/ i o q,;_lz,qf, i

its corresponding € {1,.., N*}, then Yo yqp 19 TG INTEHOT OT M, qp- BY FIOP. 2 andz, <

i1 . Mg g being the result of several Armijo steps (21) starting
JE@T) =) < - 20) from 2+ with 7 > %, |2t~ 2L || can be made arbitrarily small
(] with increasingl. In particular for somd, there existss!,
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Fig. 1. Switching points used in the proof.
st l[z} = 25| > &' > g5||2 = 2L ;||. Now, letl,p € N, such
that
G+ By e My g (23)
Gt By f My g (24)
JE ) = J(2) < —rorHrdldy  (25)

for everyy € {0,
This implies

1,2} andd, = —V7J(2'), see Fig. 1.

(19)
< —r08B°lldi | domind

S _%Oﬁpdﬁindmin . (31)

The same result can be shown in a similar wayylif €

8mq17 qt N om Tl g+ with qz #* qH_1 |
Remark 2: For S|mpI|f|ed notation,Prop. 3 is given for

p =0 andw = 1. The proof can be extended to handle all

cases of possible combinations gfw € Nj. O
Combining the results above, the sufficient descent prop-

erty of the algorithm follows.

Proposition 4: For everyl € N and x! > 0 there exists

n >0, such that, if]| 2} — z7|| > x' fori € {1,..., N(I)} and
corresponding € {1,.., N*}, then

J(EFY —JZhH < =9 (32)

O

Proof: If ||z — 2;|| > &' for i € {1,..,N(/)} and

correspondingy’ € {1,.., N*}, then there exists > 0 such

ﬂpHHdlﬂg||Zl'72ii||<ﬂp+1”d4”’ (26) thatHVmJ( )H—||dl||>€ Prop.2 and 3 imply that there
which leads tof?||d.|| < z sl — 2Ll < sl The always exists a finitp € Ny, such that a new switching p0|nt
projection P(z!, 87||d.. H) delivers the new switching points 2" can be determined withiz, — (|| = 57||V7iJ(<')]]
2z, € {2, fﬁ} which are used if the Armijo-like test (22) Vz, € {z/*!, ..., zit1 1. Here, z, is any updated switching
is successful. As the projection maintains the step length,point and may also be onl, . If the algorithm does
I _ ap not converge in a finite amount of iterations, there exists
120 = 2ill = Al < o 27) again ax't! > 0 such that||z, — z;|| > x*'. This again
is trueVz,. The following inequalities hold/z,: implies that|| V™ J(=!*1)|| = ||d,|| > € V=, wheree is set
lzo — 24| = ||20 — 25, + 24, — 2| to fulfill ||dpin|| > ¢ > 0. Since at each iteratioh either
<z — Zl’ I+ |izl ) (21) or (22) are satlsflgq, wherig < 79, Hdzi” > ¢ as well
v et st 7 as||dmin|| > €, the sufficient descent condition holds:
= [z = Zell 2 120 — 21| = |2 — 24|
(21),26) I = J(2') < —RopPe’ = —. (33)
- B)da) - (28)
[

Define 2! to be the vector of switching points that only

differs from z! in replacing 2} by z! ;. By Prop. 2 it can
be concluded that there exists a finitec N leading to
a sufficiently smallP||d..||, such thatsP<||d,|| exists to
satisfy: '

J() = J(2L) < —7opPrdlds, (29)

whered, and 3P+ such thatl|ds|| = min(||dy]|), v € {4,7 +
1}, d, = —V7 J(2!), and the corresponding

2 = 2b; + BP7ds . (30)

By the continuity of .J and lzo — 2| < |l2t = 25l i
follows for sufficiently smallg?||d,.|| thatdZd, > 0. Now
it remains to show that (22) holds:

TN =T () = T = J(2) + I (=) = ()
ST = J(z) + I8P 2dL) - (2
(29),(25) Z
< —mpPdlds — PR d,:
(30),(28 1'

)
< —nlldall [(1 - B)lld |l + 521y ]
< =m0l || [B(1 = B)lidsll + Byl

Theorem 2:A sequence{z'}2°, of switching points,
which is a solution ofAlgorithm 1, satisfies the elementwise
equality:

lim ||zf—z;|\ =0 (34)

l—o0
fori € {1,..., N(I)} and corresponding € {1,.., N*} with
VI J(z*) = 0. O
Proof: The result is a direct consequence Ribp. 4
and 1. [ ]

Remark 3:If it is not possible to shiftz! in direction of
d.: because the contral ¢ ¢ is not admissible, then it
mlght be necessary to shift some other switching po,tnts
je{l,...,N()}, j # i before. If no switching point! can
be shifted due to restrictions on the control, tHet J(2!)
is zero (consideRemarkl) according toTheoreml. O
Remark 4:In the current formulation of the algorithm
and the convergence analysis, it is assumed that the optimal
trajectory x(t) which starts inz! and reaches!, , stays in
X; for t € [t,, ¢!, ,]. If the assumption cannot be met for
a specific problem, then it is necessary to add and remove
switching points in-between two switching points. O



V. NUMERICAL EXAMPLES convex hybrid optimal control problems, the global optimal

The example from [15] is considered again, with the modselution can be found in a single run of the algorithm. The
ification that.X, is convexified. The partitioned state spacd®@sis of the algorithm is a version of the HMP that can

contains11 discrete states, where each discrete state haglgal with piecewise differentiable and intersecting malds. -
linear dynamicsi = A,z + Byu with = € R2, u € U, C R? The convergence of the algorithm is proven and a numerical

and a running cost functiop, = 0.527 S,z + 0.5u” R,u.
There is no terminal cost function and no terminal state and
discrete state specified, the initial statesaye= (—8 —8)T [1]
and qo = 1, and initial and final time ar¢, = 0 and

t. = 2. The system is designed such that there exists a unique
optimum. The algorithm changes the initial sequence

(1,3,4,6,7,10) to ¢ = (1,3,4,7,10), ¢ = (1,3,4,7,8,10), [3]
and finally to the optimal sequengé = (1, 3,4,5,7,8,10)
with costJ = 14.6966 in 11.4 min computational time. The (41
computations were performed o8& GHz processor using
Matlab 2009a. The results are illustrated in Fig. 2. (5]
Sequence of Discrete States State Trajectory [6]
8
< 6
= (71
4
2 (8]
0
E L1 2 [l
States over Time Adjoint States over Time
- [10]
11
I
11
[11]
[12]
2
[13]
Fig. 2.  Optimization results: optimal discrete state seqegmptimal
system trajectory, corresponding state and adjoint states [14]

The optimal solution and the computations are compared
to results of a brute force implementation based on multiplé®!
shooting. For a global approach, the brute force algorithm
investigates every possible discrete state sequence in the
partitioned state space with at masswitchings beginning 16!
from ¢9. The brute force solver finds the same optimum

except for higher accuracy with* = (1,3,4,5,7,8,10) [17]
and J = 14.6949. The brute force solver looks @976
different sequences separately and nekti$08.4 min for g

the computation on &6 GHz processor using Matlab 2008b.
19
VI. CONCLUSIONS (9]

An algorithm is introduced that finds a locally optima
discrete state sequence and locally optimal state andatonty,1;
trajectories of hybrid systems defined on a partitionecestat
space. Here, the algorithm avoids the problem of former afé?!
gorithms based on the HMP that the computational complex-
ity increases exponentially with the amount of switchings.

1[20]

example shows the efficiency of the approach.
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