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Abstract— An algorithm for hybrid optimal control is pro-
posed that varies the discrete state sequence based on gradient
information during the search for an optimal trajectory. The
algorithm is developed for hybrid systems with partitioned
state space. It uses a version of the hybrid minimum principle
that allows optimal trajectories to pass through intersections of
switching manifolds, which enables the algorithm to vary the
sequence. Consequently, the combinatorial complexity of former
algorithms can be avoided, since not each possible sequence has
to be investigated separately anymore. The convergence of the
algorithm is proven and a numerical example demonstrates the
efficiency of the algorithm.

I. INTRODUCTION

Hybrid systems show a close interconnection of discrete
and continuous dynamics [1]. The continuous dynamics
is usually described by differential or difference equations
including continuous variables. Logic variables are assigned
to different discrete states of a hybrid system, where discrete
states differ in their continuous dynamics. Furthermore, the
discrete structure defines how a discrete state can be changed.
The question how to control such systems optimally attracted
remarkable attention in recent years. Answering the question
turned up to be challenging since in general methods for
optimizing the discrete or continuous part separately are not
suitable for the optimization of their interconnection.

Different concepts emerged to tackle the problem
like mixed-integer programming [2], value function ap-
proaches [3], and the hybrid maximum principle [4]. The
task of finding an optimal discrete state sequence often leads
to a combinatorial complexity in the number of discrete state
transitions. Several approaches have been proposed on effi-
ciently handling or avoiding the combinatorial complexity.
For general hybrid systems, relaxations and a branch-and-
bound method are applied in [5] to reduce the amount of
discrete state sequences to be investigated.

Especially for the class of switched systems with only
controlled switching, efficient methods exist that avoid expo-
nential complexity. By the construction and pre-computation
of optimality zones, it is possible to find the optimal discrete
state schedule in a single run of the algorithm with an
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overall linear complexity in the amount of switchings [6].
In [7] and [8], the optimal sequence is found by relaxation
techniques. In [9], needle variations of the discrete state
are inserted in a given discrete state sequence and gradient
methods are applied to find the optimal switching times. For
switching systems with autonomous switching, approaches
with low computational complexity are widely missing. For
example in [10–12], the algorithms for autonomous switch-
ing have exponential complexity as every possible discrete
state sequence is investigated separately. An approach for
reducing the complexity in this system class is given in [13],
where numerical techniques for solving continuous optimiza-
tion problems are combined with symbolic techniques for
solving constraint satisfaction problems of logic variables.
Based on a value function approach, a method suitable for
low dimensional systems is developed that shows a very
low complexity increase with the number of controlled and
autonomous switchings [14].

This motivates the introduction of an efficient algorithm
developed for hybrid systems with partitioned state space
and only autonomous switching is considered. The algorithm
uses necessary optimality conditions provided by a novel
version of the hybrid minimum principle (HMP) [15]. The
introduced HMP can deal with non-smooth and intersecting
switching manifolds, such that gradients of the cost function
can be evaluated at these points. This allows us to develop
an algorithm that varies the discrete state sequence during
the optimization process, which reduces the computational
complexity to find a (locally) optimal state trajectory and
discrete state sequence significantly. The algorithm is ini-
tialized with a discrete state sequence and corresponding
switching states and times. Next, an underlying optimization
routine determines the optimal solution from switching point
to switching point. By evaluating optimality conditions atthe
switching points, the latter can be shifted and consequently
the discrete state sequence can be varied with a gradient
descent method until an optimal solution is obtained.

Sec. II introduces hybrid systems and the non-smooth
version of the HMP. In Sec. III the algorithm is presented,
while its convergence is proved in Sec. IV. Sec. V discusses
the effectiveness of the algorithm for a numerical example,
and Sec. VI concludes the paper.

II. PROBLEM FORMULATION

Hybrid systems with partitioned state space and au-
tonomous switching are introduced as follows.



Definition 1: A hybrid system is a7-tuple

H := {Q,X ,Γ, U,F ,M, I}. (1)

Assumption 1:

• Q = {1, 2, ..., Nq}: set of discrete statesq with Nq

being the number of discrete states.
• X =

⋃

1≤q≤Nq
Xq: union of all state spacesXq =

∂Xq ∪ X̂q ⊂ R
nx assigned to every discrete stateq,

whereX = R
nx anddim(x) = nx. The interiors of all

state spaces are disjoint:̂Xj ∩ X̂k = ∅, j, k ∈ Q, j 6= k,
while the boundaries of neighboring state spaces have
a non-empty intersection∂Xj ∩ ∂Xk 6= ∅.

• U = {Uq}q∈Q: collection of compact setsUq ⊂ R
nu

of admissible continuous control values withdim(u) =
nu. The control functionsuq(t), q ∈ Q, t ∈ [t0, te],
te < ∞ lie in the set of admissible control functions
Uq denoting the set of all measurable and bounded
functions on the interval[t0, te] taking values in the
compact setsUq. The collection of control functions is
denoted byU = {Uq}q∈Q. χ : [t0, te] → X denotes
a state trajectory of the hybrid system with initial and
final time t0 and te.

• F = {fq}q∈Q: collection of vector fieldsfq : Rnx ×
Uq → R

nx defined for eachq ∈ Q. The vector
fields are at least once continuously differentiable, i.e.
fq ∈ C1(Rnx × Uq,R

nx). They fulfill a uniform Lip-
schitz condition, i.e.∃L < ∞ such that||fq(x1, uq) −
fq(x2, uq)|| ≤ L||x1 − x2||, x1, x2 ∈ R

nx , uq ∈ Uq,
and ||.|| := ||.||2.

• M = {mj,k}j,k∈Q,j 6=k: collection of switching mani-
folds, wheremj,k ∈ C1(Xj ,R). An autonomous transi-
tion from discrete statej to k occurs at timeti for x(ti)
on the manifoldmj,k(x(ti)) = 0 with codimension 1.
The set of points on a switching manifold is denoted by
Mj,k = {x|mj,k(x) = 0}. In X , the boundary between
neighboring partitions is defined as the switching man-
ifold mj,k(x) = 0 ∀x ∈ ∂Xj ∩ ∂Xk 6= ∅. This implies
that mj,k = 0, j, k ∈ Q, j 6= k may have a boundary
∂mj,k and that neighboring switching manifolds inter-
sect at those boundaries, i.e.∂mj,k ∩ ∂mj,l 6= ∅ for
some pairwise differentj, k, l ∈ Q. The intersection
∂mj,k ∩ ∂mj,l forms a piecewiseC1 submanifold of
codimension 2, on which there exists a deterministic
decision if it is switched tok or l. Switching manifolds
are oriented:mj,k(x) < 0 ∀x ∈ X̂j .

• Γ : Q×X → Q: discrete transition map.
Assumption 2:The switching timesti are well-defined,

and∀x(ti) ∈ Mj,k the vector fieldsfj(x, uj) andfk(x, uk)
are non-vanishing at and transversal tomj,k = 0 with j, k ∈
Q for the applieduj ∈ Uj anduk ∈ Uk. This also implies
that no accumulation points of switching (Zeno points) or
sliding motions occur.

Assumption 3:At time t0 with given initial conditions
(q(t0), x(t0)) = (q0, x0) ∈ Q × X , for all switching
manifolds it is assumed thatmq0,j(x0) 6= 0 ∀j ∈ Q.

Note that these assumptions are important for the existence
of a unique execution of the hybrid system and for the
existence of an optimal control.1

Assumption 4:Let a trajectoryχ(t) go from discrete state
j directly toj+1 throughxs ∈ ∂mj,j+1∩∂mj,k∩∂mk,j+1,
j, j + 1, k ∈ Q. Then it is assumed that there existsuk ∈
Uk such that a neighboring trajectoryχk(t) passing the
additional statek in-betweenj andj+1 can be found such
thatχk(t) is arbitrarily close toχ(t).

Definition 2: An optimal sequenceq∗(t) and optimal con-
trol and state trajectoriesu∗(t) andχ∗(t) minimize the cost
functional

J = g(xqe(te)) +

N
∑

i=0

∫ ti+1

ti

φqi(xqi(t), uqi(t)) dt (2)

while satisfying initial conditionsx0 andq0, final conditions
h(te, x(te), q(te)) = 0, the discrete mappingΓ and the
continuous dynamics

ẋqi = fqi(xqi(t), uqi(t)) (3)

for a.e.t ∈ [ti, ti+1) and for everyi ∈ {0, ..., N}, where the
number of switchesN is an outcome of minimizing (2). The
terminal cost functiong ∈ C1(Rnx ,R) and the running cost
functionsφq ∈ C1(Rnx × R

nu ,R), q ∈ Q are at least once
continuously differentiable.

Definition 3: A switching pointzi is the vector consisting
of the switching state-time pairzi = (xT

i ti)
T with

mqi−1,qi(xi) = 0. Here, i denotes thei-th switching. All
switching points are summarized in the vector

z = (z0 z1 ... zN zN+1)
T , (4)

wherez0 is the initial state-time point(xT
0 t0)

T . Usually, the
terminal pointzN+1 = (xT

e te)
T is only partially specified,

e.g.xe or te might be free. All switching times must satisfy
t0 < t1 < ... < tN < te.

Definition 4: Supposeχ∗(t) to be an optimal trajectory
and x∗(ti) ∈ Mqi−1,qi to be an optimal switching state.
Thenx∗(ti) belongs to a closed region locally defining the
maximally reachable region for thei-th switch by control
trajectoriesu(t) ∈ U . The time intervalIi = [ai, bi] denotes
the time span in which that region can be reached. All time
intervalsIi are collected inI = {Ii}i∈{1,...,N}.

Definition 5: Direct neighbors of discrete statej ∈ Q
are discrete statesd1, ..., dnd

∈ Q whose state spaces
Xd1

, ...,Xdnd
have a common boundary withXj . Switching

manifolds mj,d1
, ...,mj,dnd

denoting the common bound-
aries are calledfirst-order neighboring switching manifolds.
Suppose a trajectoryχ(t) passes discrete statej. Then those
manifoldsmj,d1

, ...,mj,dnd
that χ(t) crosses when leaving

discrete statej are denoted byN 1
j := {mj,k|mj,k(x(t)) =

0, j, k ∈ Q}. Second-order neighboring switching manifolds
mdk,dl

with dk, dl ∈ {d1, ..., dnd
} separate two neighboring

discrete statesdk and dl, which are reachable from state

1It is possible to consider hybrid system executions beyond Zeno points
[16], but as Zeno points are not in the scope of this paper, they are excluded
by assumption.



j, from each other. The switching manifolds of second-
order, whose boundaries∂mdk,dl

⊂ ∂Xj are hit byχ(t),
are collected in the setN 2

j .
Theorem 1 ( [15]): Let Assum.1, 2, 3, and 4 hold, then

all controlsu∗ (locally) minimizing the cost functional

J∗(u∗) = inf
u∈U

J(u) (5)

lead to the fulfillment of the following conditions:

1) The differential equation (3) is satisfied.
2) There exists an optimal, absolutely continuous adjoint

processλ∗ such that:

λ̇∗ = −∇xHq∗
i

(6)

for a.e.t ∈ [ti, ti+1) and everyi ∈ {0, 1, ..., N}, q∗i ∈
q∗(t) with the HamiltonianHqi(x(t), λ(t), uqi(t)) =
φqi(x(t), uqi(t))+λ(t)T fqi(x(t), uqi(t)). The follow-
ing boundary conditions hold forλ∗:

a) Terminal condition ifx(te) is not specified:

λ∗(te) = ∇xg(x(te)) (7)

b) If an autonomous transition withmq∗
i−1,j

∈
N 1

q∗
i−1

and mj,k ∈ N 2
q∗
i−1

with q∗i−1, j, k ∈ Q

is triggered at timeti, i ∈ {1, ..., N}, then:

λ∗(ti−) = λ∗(ti)

+
∑

mq∗
i−1

,j∈N 1
qi−1

π∗
i,(qi−1,j)

∇xmq∗
i−1,j

(x(ti))

+
∑

mj,k∈N 2
qi−1

π∗
i,(j,k)∇xmj,k(x(ti)) (8)

with constant and optimal Lagrange multipliers
π∗
i,(q∗

i−1,j)
, π∗

i,(j,k) ∈ R, q∗i−1, j, k ∈ Q.

3) The Hamiltonian has to fulfill the following conditions:

a) If at timeti, i ∈ {0, 1, ..., N} the system switches
autonomously fromq∗i−1 to q∗i , q∗i−1, q

∗
i ∈ Q,

then:

Hq∗
i−1

(ti−) = Hq∗
i
(ti) if ti ∈ (ai, bi)

Hq∗
i−1

(ti−) ≥ Hq∗
i
(ti) if ti = ai

Hq∗
i−1

(ti−) ≤ Hq∗
i
(ti) if ti = bi .

(9)

b) The minimization condition with respect tou∗
q∗
i
,

q∗i ∈ Q is:

Hq∗
i
(x∗, λ∗, u∗

q∗) ≤ Hq∗
i
(x∗, λ∗, v) (10)

for a.e. t ∈ [ti, ti+1), i ∈ {0, 1, ..., N}, and for
everyv ∈ Uq∗

i
.

III. ALGORITHM

This section introduces an algorithm that finds a locally
optimal trajectoryχ∗(t) based on the optimality conditions
of Theorem1. The optimality conditions are utilized such
that the discrete state sequence may be varied during the
search. This implies that the algorithm can be initialized
with an almost arbitrary sequence, which will be changed
until a local minimum of the cost is reached. By varying

the switching sequence during a single run of the algo-
rithm, the exponential complexity of earlier algorithms in
a neighborhood around a local minimum is avoided. Earlier
algorithms that use indirect shooting methods can only solve
the HOCP for a pre-specified sequence of discrete statesq,
i.e. finding a locally optimal solution required to search over
every possible sequence in a certain neighborhood, leading
to a combinatorial complexity.

A. Concept

The algorithm contains two layers. The optimal control
problemJ(u) (2) is transferred to a problemJ(z) depending
on the switching point vectorz. This is achieved by consid-
ering between two consecutive switching pointszi andzi+1

only state and control trajectories, that satisfy the optimality
conditions (3), (6), (7), and (10). Finding the trajectories
between two switching points forms the lower layer. On a
higher layer of the algorithm, the switching points are varied
until the optimality conditions (8) and (9) are satisfied.

In every iteration l, the algorithm produces a feasible
sequence of discrete statesql = (ql0, ..., q

l
N(l)) and switching

points zli = (xlT
i tli)

T , i = 1, ..., N(l). Here, feasibility
means that an optimal controlu(t) ∈ U exists, which
transfers system (3) from switching pointzli to zli+1, i ∈
{0, 1, ..., N(l)}, without leaving the state spaceXqi .

Algorithm 1:
Step 0: Find a feasible initial sequenceq0 = (q00 , ...,

q0N(0)) with switching pointsz0i . Set l = 0 and j = 1.
Step 1: Solve the optimal control subproblems

min
u(t)

Jqi = min
u(t)

∫ tli+1

tl
i

φqi(x(t), u(t)) dt (11)

for every discrete stateqi ∈ ql, i ∈ {0, 1, ..., N(l)}. In the
last discrete stateqN(l), the terminal costsg(x(te)) are added
to subproblem (11). The optimization useszli as initial value
and zli+1 as bounding condition, and it takes the dynamics
(3) and feasible control trajectoriesUqi into account. Indirect
shooting on first-order optimality conditions is used [8,17].

Step 2: Determine the gradient of the cost∇m
zl
i

J(zl) pro-
jected onto the corresponding switching manifoldsmql

i−1,q
l
i

for all zli. If ∇m
zl
i

J(zl) = 0 ∀zli, then stop.
Step 3: Execute an Armijo-like step [18] for the update

of the switching pointzlj to reduce the cost based on the
gradient information. The Armijo-like step is taken along the
switching manifoldmql

j−1,q
l
j
= 0 in direction −∇m

zl
j

J(zl),

such thatxl+1
j ∈ Mql

j−1,q
l
j
. If the step proceeds beyond

the boundary∂mql
j−1,q

l
j
, then zl+1

j is projected onto the

neighboring switching manifoldm
q
l+1
j−1,q

l+1
j

with qlj−1 =

ql+1
j−1 and qlj 6= ql+1

j and possibly further manifolds. The
Armijo step is taken for each switching pointzlj separately,
as in simulations, this turned out to be more effective than
updating all zlj at once. The optimization problems (11)
are solved for all discrete states in the sequence resulting
from the Armijo step. If the Armijo step is successful, then



increasel and j and goto Step4, else repeat Step3 with a
decreased step-size.

Step 4: If j > N(l), which means that the algorithm has
just updated the last switching pointzl

N(l), then setj = 1 to

start updatingzl+1
1 and goto Step1.

After giving a short summary of the algorithm, the most
important steps are discussed in detail.

B. Gradient of Costs on Switching Manifold

In order to update a switching pointzli, a directiondzl
i

is
chosen, which leads to a lower overall costJ(zl+1). Here,
the projected gradient−∇m

zl
i

J(zl) of the costJ(zl) is used
as descent direction. Projected means that only the part of
the gradient∇zl

i
J(zl) is considered, which is tangential to

the switching manifoldmql
i−1,q

l
i
. The analytic expression for

∇m
zl
i

J(zl) =
(

∇m
xl
i

JT (zl) ∇m
tl
i

J(zl)
)T

(12)

is basically given by the optimality conditions (8) and (9):

∇m
xl
i

J(zl) = λ(tli)− λ(tli−)

+
∑

mqi−1,j∈N 1
qi−1

(0)

πi,(qi−1,j)∇xmqi−1,j(x(t
l
i))

+
∑

mj,k∈N 2
qi−1

(0)

πi,(j,k)∇xmj,k(x(t
l
i)) (13)

∇m
tl
i

J(zl) = Hqi−1
(tli−)−Hqi(t

l
i) , (14)

where qi−1, j, k ∈ Q. This result follows directly from
the proof of (8) and (9), e.g. in [15], or from results and
proofs of the standard calculus of variations [19]. To obtain
∇m

xl
i

J(zl), it is necessary to know allπ values in (13). Unique
solutions are obtained, if only the largest set of linearly
independent vectors∇xmqi−1,j(x(t

l
i)) and ∇xmj,k(x(t

l
i))

from (13) is considered. Combining the selected vectors in
the matrixΨ and definingθ := λ(tli−) − λ(tli), then the
vectorπ = (πi,(qi−1,qi), ...)

T can be found as the minimizer
of ∇m

xl
i

J(zl) by a least squares regression, see [10]:

π = (ΨTΨ)−1ΨT θ . (15)

The descent direction for the Armijo step atzli is:

dzl
i
= −∇m

zl
i

J(zl) . (16)

C. Projection of Switching Points

In general, the projection of switching points on nonlinear
switching manifolds and for non-convex state partitionsXq

can be handled numerically. To enable a simplified imple-
mentation of the algorithm, the switching manifolds are
assumed to be affine and all partitionsXq to be convex.
For affine switching manifolds, non-convexXq can be con-
vexified by introducing additional switching manifolds. For
convexXq, also all switching manifolds are convex.

To update the switching pointzli, a candidatēzl+1
i is found

by proceeding fromzli in the descent direction with step size
α:

z̄l+1
i = zli + αdzl

i
. (17)

If z̄l+1
i ∈ Mql

i−1,q
l
i

the update of the switching point is valid:

zl+1
i = z̄l+1

i . If z̄l+1
i /∈ Mql

i−1,q
l
i
, it is on the unbounded

extension ofMql
i−1,q

l
i
. Then,z̄l+1

i has crossed the boundary
∂mql

i−1,q
l
i
, which implies that the update stepαdzl

i
enforces

a new sequenceql+1 of discrete states. Note that for reasons
of convergence only sequencesql+1 are considered that are
neighbors of the old sequenceql, i.e. there must exist trajec-
toriesχl+1(t) with ql+1 andχl(t) with ql that are arbitrarily
close to each other. The old sequenceql = (∗,∆, ∗) differs
from the new oneql+1 = (∗,�, ∗) in the subsequences
∆ = (qli, ..., q

l
i+ρ−1) and � = (ql+1

i , ..., ql+1
i+̟−1) with

ρ,̟ ∈ N0. Here,ρ and̟ denote how many discrete states
disappear from the old sequenceql and how many are added
to ql+1, respectively. For example,ρ = 0 and̟ = 1 imply
that ∆ = ∅ and � = {ql+1

i }. For simplicity and without
loss of generality, in the following onlyρ = 0 and̟ = 1 is
considered.

For mql
i−1,q

l
i
(xl

i) = 0, assume that the trajectory of

iteration l jumps from discrete stateqli−1 to qli. Then the
sequence(ql0, ..., q

l
i−1) remains the same for iterationl +

1, since only the switching pointzli is shifted. From the
switching pointzli lying on the manifoldmql

i−1,q
l
i
(xl

i) = 0

and with the scaled descent directionαdzl
i
, the switching

point zl+1
i has to be found on a different switching manifold

m
q
l+1
i−1,q

l+1
i

(xl+1
i ) = 0 with qli−1 = ql+1

i−1 and qli 6= ql+1
i .

To find zl+1
i , a projectionP (zli, αdzl

i
) that maintains the

length ||αdzl
i
|| is applied. The projection works as follows:

Basically a circle aroundzli is considered with radius||αdzl
i
||

and tangent∇xmql
i−1,q

l
i
(xl

i) at z̄l+1
i . Each intersection of the

circle with switching manifolds delivers a candidate for a
new switching point. Out of the set of candidate points, a
subset is picked, which contains the switching pointszl+1

i

and zl+1
i+1 leading fromqli−1 = ql+1

i−1 over ql+1
i to ql+1

i+1 = qli
(sinceρ = 0 and̟ = 1 in this example). Fromql+1

i+1 = qli
on, the rest of the old sequence(qli+1, ..., q

l
N(l)+1) with the

old switching points completes the new sequenceql+1. If no
intersection of the circle with a switching manifold restricting
qli−1 exists, then the projection is declared to be infeasible
and a new trial is started with a reduced step size||αdzl

i
||.

The property of the projectionP (zli, αdzl
i
) to keep the

length of the update step equal for all candidate points
becomes important in the convergence analysis.

D. Update Step

The new sequenceql+1 and the new switching points
zl+1 found in Part III-C are checked with an Armijo-like
condition [18] for suitability. The update is accepted if:

J(zl+1)− J(zl) ≤

{

−τ0αd
T
zl
i

dzl
i

if zl+1
i ∈ Mql

i−1,q
l
i

−τ̃0αd
T
mindmin if zl+1

i /∈ Mql
i−1,q

l
i

,

(18)

with

||dmin|| = min(||dzl
i
||, ||d

z
l+1
i

||, ||d
z
l+1
i+1

||) (19)



for ̟ = 1, with τ̃0 = τ0β, and the design parametersτ0, β ∈
(0, 1). Introducingdmin in (18) extends the usual Armijo
criterion [18]. The extension turned out to be necessary for
the convergence analysis and guarantees that the discrete
state sequence changes if this is required to find a locally
optimal sequence. If the updated switching point vector
satisfies (18), thenzl+1 andql+1 are valid and the algorithm
updateszl+1

i+1 in the next iteration, otherwiseα is decreased.
Here, α := {max(cβp)|p ∈ N0, p s.t. cβp fulfills (18)}

with c ∈ R
+ is chosen as the largest valuecβp fulfilling

(18) [20]. Armijo’s condition assures sufficient decrease of
the costJ for a sufficiently large distance betweenzli and
the corresponding pointszl+1

i andzl+1
i+1 in the sequenceql+1.

In the following, the scaling factorc is omitted for shorter
notation.

IV. CONVERGENCE

Here, the classical concept of convergence of an algorithm
[21] cannot be applied, since the dimensionN(l) of each
switching point vectorzl (4) in the sequence of iterations
{zl}∞l=1 may change at every iterationl. Furthermore, the
gradient of the cost projected onto the switching manifolds
∇m

z J(zl) = (∇m
zl
1
JT (zl), ...,∇m

zl
N(l)

JT (zl))T is only piece-

wise continuous. However, the costJ is continuous on the
whole state space according toLemma1 in [15]. For these
reasons, a different concept ofconvergent algorithmsimilar
to the one used in [22] is introduced.

Definition 6: An algorithm is convergent if every
sequence {zl}∞l=1 fulfills the elementwise condition
liml→∞ ||zli − z∗j || = 0 for i ∈ {1, ..., N(l)} and its
correspondingj ∈ {1, ..., N∗}, where∇m

z J(z∗) = 0.
Remark 1:For simplicity, it is assumed that an optimal

switching point vectorz∗ satisfies∇m
z J(z∗) = 0. But note

that there exist cases, where∇m
tl
j

J(z∗) 6= 0 for somej ∈

{1, ..., N∗} according to (9).
In the sequel, it is shown step-by-step thatAlgorithm 1 is

convergent, compare also to the proof of the algorithm for
systems with controlled switching in [22]. As derived later,
the algorithm converges, if there is sufficient descent for a
bounded costJ .

Lemma 1:The costJ is bounded for any feasible trajec-
tory χ(t) with initial conditionx0 at t0, switching pointszi,
and final conditionxe or te.

Proof: From Assum.1, fq(x(t), uq(t)) is Lipschitz
continuous and bounded with respect to its arguments. For
all q ∈ Q, the trajectoryχ(t) is in a compact set. Here, it is
assumed that, ifxe is specified, it is reached in finite time. As
the costJ is continuous andg(x(te)) andφq(x(t), uq(t)) are
bounded with respect to their arguments,|J(z)| is bounded
from above.

Definition 7: Algorithm 1 has sufficient descentif for
every iterationl and everyκ > 0, there existsη > 0 such
that, if elementwise||zli − z∗j || > κ for i ∈ {1, ..., N(l)} and
its correspondingj ∈ {1, .., N∗}, then

J(zl+1)− J(zl) ≤ −η . (20)

Proposition 1: If Algorithm 1 has sufficient descent and
bounded cost, then it is convergent.

Proof: If the algorithm has sufficient descent, then at
every switching pointzl in the infinite sequence{zl}∞l=1 the
costJ will decrease by a non-zero amount. AsJ is bounded,
this must lead to convergence in the sense ofDef. 6.

Now, it is shown that the applied Armijo-like criterion
ensures that the algorithm has sufficient descent. At first,
it is proven that an Armijo-like step is always possible if
elementwise||zli − z∗j || > κ for any κ > 0, for i ∈
{1, ..., N(l)} and correspondingj ∈ {1, .., N∗}. Here, the
piecewise differentiability ofJ projected onto switching
manifolds is applied.

Proposition 2: Let J be continuously differentiable in a
neighborhoodB(zl, r), r > 0, ||zl+1 − zl|| ≤ r and let
τ0 ∈ (0, 1), β ∈ (0, 1) be specified. Setzl+1 = zl + βpdzl

anddzl = −∇m
z J(zl), so that∇m

z JT (zl) dzl < 0, then there
exists a finitep ∈ N0, such that

J(zl + βpdzl)− J(zl) ≤ −τ0β
pdTzl dzl , (21)

i.e. the Armijo-like criterion is well-defined for updateszl+1

that leave the sequenceql = ql+1 unchanged.
Proof: See [20].

Condition (21) can easily be shown to hold also for vari-
ations at single switching pointszli with the gradient of
the cost∇m

zl
i

J(zl). Next, it is shown that the criterion also
holds in a similar form for updates leading to a change in
the discrete state sequence. Therefore, define the switching
point zls,i = zli + βsdzl

i
with s ∈ R on the intersection

of two neighboring switching surfaces, that meanszls,i ∈
∂mql

i−1,q
l
i
∩ ∂m

q
l+1
i−1,q

l+1
i

. Furthermore, a switching pointzl,
that remains unchanged except for a change ofβpdzl

i
in the

i-th subvector, is denoted byzl(βpdzl
i
).

Proposition 3: For iterationk, let z∗j /∈ Mqk
i−1,q

k
i
∀j ∈

{1, ..., N∗}, ||z∗j − z|| > δ ∀z ∈ Mqk
i−1,q

k
i
, δ > 0, andzki ∈

Mqk
i−1,q

k
i
. Then there exists an iterationl ∈ N, l ≥ k, and a

p ∈ N0 such that

J(zl+1)− J(zl) ≤ −τ̃0β
pdTmindmin , (22)

where ||dmin|| = min(||dzl
i
||, ||d

z
l+1
i

||, ||d
z
l+1
i+1

||) and the

updated sequenceql+1 is different from the old oneql.
The idea of the proof is the following: An update of a

switching point leading to a new discrete state sequence
is separated into a part that remains on the old switching
manifold and a part on one of the new switching manifolds.
Formulating the difference between the costs of the new and
the old discrete state sequence in terms of Armijo steps in
both parts of the update step and combining the results, then
it can be shown that (22) can always be fulfilled.

Proof: Assume first, thatzki ∈ M̂qk
i−1,q

k
i
, where

M̂qk
i−1,q

k
i

is the interior ofMqk
i−1,q

k
i
. By Prop. 2 andzli ∈

M̂qk
i−1,q

k
i

being the result of several Armijo steps (21) starting

from zki with l ≥ k, ||zli−zls,i|| can be made arbitrarily small
with increasingl. In particular for somel, there existsκl,
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Fig. 1. Switching points used in the proof.

s.t. ||zli − z∗j || > κl > 1
β2 ||zli − zls,i||. Now, let l, p ∈ N, such

that

zli + βp+2dzl
i
∈ Mql

i−1,q
l
i

(23)

zli + βp+1dzl
i
/∈ Mql

i−1,q
l
i

(24)

J(zl(βp+ydzl
i
))− J(zl) ≤ −τ0β

p+ydT
zl
i

dzl
i

(25)

for every y ∈ {0, 1, 2} and dzl
i
= −∇m

zl
i

J(zl), see Fig. 1.
This implies

βp+2||dzl
i
|| ≤ ||zli − zls,i|| ≤ βp+1||dzl

i
|| , (26)

which leads toβp||dzl
i
|| ≤ 1

β2 ||zli − zls,i|| < κl. The
projectionP (zli, β

p||dzl
i
||) delivers the new switching points

zv ∈ {zl+1
i , zl+1

i+1}, which are used if the Armijo-like test (22)
is successful. As the projection maintains the step length,

||zv − zli|| = βp||dzl
i
|| < κl (27)

is true∀zv. The following inequalities hold∀zv:

||zv − zli|| = ||zv − zls,i + zls,i − zli||

≤ ||zv − zls,i||+ ||zls,i − zli||

⇒ ||zv − zls,i|| ≥ ||zv − zli|| − ||zls,i − zli||

(27),(26)

≥ βp(1− β)||dzl
i
|| . (28)

Define zls to be the vector of switching points that only
differs from zl in replacingzli by zls,i. By Prop. 2 it can
be concluded that there exists a finitel ∈ N leading to
a sufficiently smallβp||dzl

i
||, such thatβps ||ds|| exists to

satisfy:

J(zl+1)− J(zls) ≤ −τ0β
psdTs ds , (29)

whereds andβps such that||ds|| = min(||dv||), v ∈ {i, i+
1}, dv = −∇m

zv
J(zls), and the corresponding

zv = zls,i + βpsds . (30)

By the continuity of J and ||zv − zli|| < ||zli − z∗j ||, it
follows for sufficiently smallβp||dzl

i
|| that dTs dv > 0. Now,

it remains to show that (22) holds:

J(zl+1)−J(zl) = J(zl+1)− J(zls) + J(zls)− J(zl)

≤ J(zl+1)− J(zls) + J(zl(βp+2dzl
i
))− J(zl)

(29),(25)

≤ −τ0β
psdTs ds − τ0β

p+2dT
zl
i

dzl
i

(30),(28)

≤ −τ0β
p||dzl

i
||
[

(1− β)||ds||+ β2||dzl
i
||
]

≤ −τ0β
p||dzl

i
||
[

β(1− β)||ds||+ β2||dzl
i
||
]

(19)

≤ −τ0ββ
p||dzl

i
|| ||dmin||

≤ −τ̃0β
pdTmindmin . (31)

The same result can be shown in a similar way, ifzli ∈
∂mql

i−1,q
l
i
∩ ∂m

q
l+1
i−1,q

l+1
i

with qli 6= ql+1
i .

Remark 2:For simplified notation,Prop. 3 is given for
ρ = 0 and̟ = 1. The proof can be extended to handle all
cases of possible combinations ofρ,̟ ∈ N0.

Combining the results above, the sufficient descent prop-
erty of the algorithm follows.

Proposition 4: For everyl ∈ N and κl > 0 there exists
η > 0, such that, if||zli − z∗j || > κl for i ∈ {1, ..., N(l)} and
correspondingj ∈ {1, .., N∗}, then

J(zl+1)− J(zl) ≤ −η . (32)

Proof: If ||zli − z∗j || > κl for i ∈ {1, ..., N(l)} and
correspondingj ∈ {1, .., N∗}, then there existsǫ > 0 such
that||∇m

zl
i

J(zl)|| = ||dzl
i
|| > ǫ. Prop.2 and 3 imply that there

always exists a finitep ∈ N0, such that a new switching point
zl+1 can be determined with||zv − zli|| = βp||∇m

zl
i

J(zl)||

∀zv ∈ {zl+1
i , ..., zl+1

i+̟}. Here,zv is any updated switching
point and may also be onMql

i−1,q
l
i
. If the algorithm does

not converge in a finite amount of iterations, there exists
again aκl+1 > 0 such that||zv − z∗j || > κl+1. This again
implies that||∇m

zv
J(zl+1)|| = ||dv|| > ǫ ∀zv, whereǫ is set

to fulfill ||dmin|| > ǫ > 0. Since at each iterationl either
(21) or (22) are satisfied, wherẽτ0 < τ0, ||dzl

i
|| > ǫ as well

as ||dmin|| > ǫ, the sufficient descent condition holds:

J(zl+1)− J(zl) ≤ −τ̃0β
pǫ2 = −η . (33)

Theorem 2:A sequence{zl}∞l=1 of switching points,
which is a solution ofAlgorithm 1, satisfies the elementwise
equality:

lim
l→∞

||zli − z∗j || = 0 (34)

for i ∈ {1, ..., N(l)} and correspondingj ∈ {1, .., N∗} with
∇m

z J(z∗) = 0.
Proof: The result is a direct consequence ofProp. 4

and 1.
Remark 3: If it is not possible to shiftzli in direction of

dzl
i

because the controlu /∈ U is not admissible, then it
might be necessary to shift some other switching pointszlj ,
j ∈ {1, ..., N(l)}, j 6= i before. If no switching pointzli can
be shifted due to restrictions on the control, then∇m

z J(zl)
is zero (considerRemark1) according toTheorem1.

Remark 4: In the current formulation of the algorithm
and the convergence analysis, it is assumed that the optimal
trajectoryχ(t) which starts inzli and reacheszli+1 stays in
Xi for t ∈ [tli, t

l
i+1]. If the assumption cannot be met for

a specific problem, then it is necessary to add and remove
switching points in-between two switching points.



V. NUMERICAL EXAMPLES

The example from [15] is considered again, with the mod-
ification thatX4 is convexified. The partitioned state space
contains11 discrete states, where each discrete state has a
linear dynamicsẋ = Aqx+Bqu with x ∈ R

2, u ∈ Uq ⊂ R
2

and a running cost functionφq = 0.5xTSqx + 0.5uTRqu.
There is no terminal cost function and no terminal state and
discrete state specified, the initial states arex0 = (−8 −8)T

and q0 = 1, and initial and final time aret0 = 0 and
te = 2. The system is designed such that there exists a unique
optimum. The algorithm changes the initial sequenceq =
(1, 3, 4, 6, 7, 10) to q = (1, 3, 4, 7, 10), q = (1, 3, 4, 7, 8, 10),
and finally to the optimal sequenceq∗ = (1, 3, 4, 5, 7, 8, 10)
with costJ = 14.6966 in 11.4 min computational time. The
computations were performed on a3.0 GHz processor using
Matlab 2009a. The results are illustrated in Fig. 2.
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Fig. 2. Optimization results: optimal discrete state sequence, optimal
system trajectory, corresponding state and adjoint states.

The optimal solution and the computations are compared
to results of a brute force implementation based on multiple
shooting. For a global approach, the brute force algorithm
investigates every possible discrete state sequence in the
partitioned state space with at most6 switchings beginning
from q0. The brute force solver finds the same optimum
except for higher accuracy withq∗ = (1, 3, 4, 5, 7, 8, 10)
and J = 14.6949. The brute force solver looks at3976
different sequences separately and needs18, 508.4 min for
the computation on a1.6 GHz processor using Matlab 2008b.

VI. CONCLUSIONS

An algorithm is introduced that finds a locally optimal
discrete state sequence and locally optimal state and control
trajectories of hybrid systems defined on a partitioned state
space. Here, the algorithm avoids the problem of former al-
gorithms based on the HMP that the computational complex-
ity increases exponentially with the amount of switchings.In

convex hybrid optimal control problems, the global optimal
solution can be found in a single run of the algorithm. The
basis of the algorithm is a version of the HMP that can
deal with piecewise differentiable and intersecting manifolds.
The convergence of the algorithm is proven and a numerical
example shows the efficiency of the approach.
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