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Abstract— The hybrid minimum principle (HMP) is extended
to hybrid systems with autonomous (internally forced) switching
on switching manifolds, controlled (externally forced) switching,
jumps of the continuous state when switching, and time-varying
functions for specifying the continuous and discrete dynamics.
The formulation of the hybrid optimal control problem (HOCP)
includes running, switching, and terminal costs. The HMP
provides necessary optimality conditions for a solution of the
HOCP and can be used as basis for developing numerical
optimal control algorithms.

I. INTRODUCTION

that is described here: (i) Controlled switching with jumps
of the continuous state variable and switching costs. (ii)
The dynamics, running costs, jump maps, jump costs, and
switching manifolds of the HOCP can be time-varying. These
effects are important in practice: Controlled switchinghwi
resets of the continuous state can be found in manufacturing
processes [19]. Another example is gear shifting in vehi-
cles [20], where the dynamics of the gear shift with open
clutch can be modeled abstractly by a jump in the time,
position, and velocity of the vehicle [21]. Examples for &im

Hybrid systems combine continuous-time dynamics likglependent functions are the dynamics of sanding vehicles,
differential equations with discrete-event dynamics like ~ Where the mass changes with time, and supply chains, which
pulses or discrete events [1,2]. Examples of hybrid systenadso contain controlled switchings [22].
can be found in application domains like biological systems This paper introduces a novel version of the HMP, which
chemical processes, manufacturing, and embedded systef@) be used to develop (indirect) optimization algorithms.

where continuously controlled systems interact with digit

The proof is based on single needle variations. The teckniqu

machines or logical decision processes. Much effort has bewas originally introduced in [23] for optimal control of

spent to find optimal controls for hybrid systems, e.g. usin
mixed-integer programming [3], value function approache
[4,5], and direct or indirect multiple shooting [6, 7]. Many
numeric approaches are based on evaluating the optimal
conditions for the underlying hybrid optimal control prebi

gonlinear systems and extended in [24] to nonlinear impul-
sive systems. In [16], the technique was applied to a less
general class of hybrid systems, which does not consider
tigne-varying functions and jumps of the continuous state
at autonomous and controlled switches. In [25], a version

(HOCP), e.g. to check whether a candidate solution is &@f the HMP is derived with single needle variations for

optimal one. Especially indirect methods use the optimalit
conditions to find results with high precision.

Optimality conditions were originally developed for con-
tinuous state systems and were based on the concept

hybrid systems with autonomous switching and intersecting
switching manifolds. There, functions are not time-vagyin
and the continuous state does not jump with switches.
offhe paper is structured as follows: In Sec. Il, a class of

calculus of variations [8] or needle variations [9], wheréybrid systems is defined. Sec. Ill introduces the novel HMP

the latter results in the minimum (or maximum) principle.
In particular optimality conditions for hybrid systems bds

on needle variations were derived in the form of the hybrid

minimum principle (HMP) [10-16]. Especially the versions

and its proof. In Sec. IV, a short example is given and Sec. V
concludes the paper.

Il. HYBRID SYSTEM

of the HMP formulated in [12] and [16] can handle a large N the following, the considered class of time-varying
class of hybrid systems. The corresponding HOCP includdyPrid s.ystem.s is introduced:

autonomous switchings with resets of the continuous state Pefinition 1: A hybrid system is ars-tuple

and switching costs and controlled switchings. Resets @f th H:={Q,X,I,U,Q,F,M,A}. 1)

continuous state at autonomous switches occur e.g. wh

en

particles collide [2] or when contact or impact situations . 0
in robotics are present, as in bipedal locomotion [17] or in ASsumption 1:

juggling tasks like ball dribbling in basketball robotickg].

(@) @ ={1,2,...,N,}: set of N, discrete stateg € Q.

However, the versions of the HMP presented there do(b) X = {X,},co: collection of state space¥, C R"=
not consider the following cases, in contrast to the HMP assigned to every discrete statevheredim(z) = n,.
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() U = {U,}q4eq: collection of compact setd/, C
R™ of admissible continuous control valueswith
dim(u) = n,. U = {Uy}4co is the set of all measur-
able and bounded control trajectories [to, t.] — U,
wherety and¢, < oo mark the intial and final time of
an execution of the hybrid system.



(d) F = {f;}qeco: collection of vector fieldsf, : R"» x  for a.e.t € [t;,tj+1), j € {0,1,...,N}, wherezy (to) =
Uy x R — R" defined for eacly € Q. The vector zo and zy,(t;) = @q; ,,q(xq;_,(t;),t;) With ¢ =
fields are at least once continuously differentiable withim; ,;, ;«;, t. The continuous contral = (ug, ..., gy ) IS
respect to the continuous stateand the continuous a sequence of control trajectories; : [t;,tj.1) — Ug,.

controlw and continuous with respect to timeThey Furthermore,w specifies a sequence of discrete controls

fulfill a uniform Lipschitz condition, i.e3L < co such  (wg,, ..., Wqy )- O
that|| fo(x1, ug, t) — fq(22, uq, t)||2 < Lz —x2]|2, for Definition 3: An optimal solutiono* = (7*,¢*, z*, u*,
any combination ofry,zo € R, u, € Uy, t € R. w*) minimizes the cost functional

(€) M = {m;}ireco,ixk: collection of time-dependent N
switching manifolds, wheren; ;. is at least once con- J = =\ t.
. . ) . g —g($ e(te))+ cj—7](mj— (t')vt)
tinuously differentiable, i.em; , € C'(X; xR, R). An ! Jz_; G

autonomous transition from discrete state k occurs _—
J

N
at time t; .for z(t;) on the codimensiorl manifold + Z/ g, (g, (1), uq, (), 1) dt ©)
m; i, that is locally expressed by:; . (x(t;),t;) = 0. =0t
M A= {wf’k}i”“egvi#: collection of reset functions ;o satisfying initial conditionsc, and ¢, and the hybrid
pir € CH(R" x R,R"=) for the continuous state, . . . A
which are associated with a controlled or autonomousgStem dynamics OFf. The terminal cost functiom is in
L(R"=,R), the switching cost function; ;. is in C* (R™= x

switching from discrete stateto & for i,k € Q._ In R), and the running cost functions, : R"s x R™ x R —
the case of controlled (but not autonomous) swnchqu’ ik q € O is at least once continuously differentiable

© I(tzls a{sgu}mw-ﬂ;ﬁ;{%ﬁi(:;i’la(izé:;’t?'setg c o With respect to the continuous stateand controlu and
9 - PlqfqeQ- = 7 = continuous with respect to time O
of admissible discrete controls,. Whenw, € Q, . , .
such thatl 4 a controlled or autonomous Remark 1:In the sequel, the HOCP (3) given in Bolza
(g, wq) =1, representation is reformulated w.l.0.g. into Mayer forrfi][2

SW'tChmg frc_Jm .dlscrete statg € Q to discrete This is advantageous for the proof of the main result.C]
statei € Q is triggered. In the case of autonomous

switching, when the continuous state trajectaryits [1l. OPTIMALITY CONDITIONS

mq,; at timet;, the discrete contral, is forced to be  The novel HMP provides necessary optimality conditions
such thatl'(¢, #,w,) = i. A controlled switch with for a (locally) optimal solution minimizing (3). The HMP
wg € €, can be executed whenever and wherevehcludes the conditions of the former versions [16, 25], but
desired independently of any switching manifold. Itmogifies the adjoint transversality and Hamiltonian value
is assumed that iF (¢, z,w,) = i with w, € Qg holds,  conditions for controlled and autonomous transitions, and
D'(i, 2z, w;) = q with w; € Q; is conversely true. the Hamiltonian minimization condition with respect to the
(h) T': @ x X x Q2 — Q: discrete transition map. [ djscrete state. In the sequel, the dependence of functions o
Assumption 2:The switching timest; fulfill ¢, < {1 < variables is partly and the asterisk bf the optimal switch-
. < te < oo, andVa(l;) € mig, i,k € Q, the Vector ing timest is sometimes omitted for a better readability.
fields f;(x, u;,t;) and fi.(z, ux, t;) are non-vanishing at and  pefinition 4: For a concise notation, Hamiltonians
transversal taon; ; for the appliedu; € U; andu, € Uy.
The numberN of autonomous and controlled switchings of  Ha; (2(t), A1), ug; (t),1) = XO)T fy, (2(2), ug, (),1)  (4)
an execution of a hybrid system satisfi¥s+ 2 < N < oo, for ge.t e [t tjs1), j € {0,..., N}, ¢ € Q, are introduced
where N is the maximally allowed number of switchings. with the adjoint variable\(t) : R — R"=. 0
This implies that no accumulation points of switching (Zeno Theorem 1:Consider a hybrid systeff as inDef. 1 and
points) or sliding motions occur. [ related executions fulfiling Assum.1, 2, and 3. Then all

Assumption 3:At time ¢, with given initial conditions controlsu* andw* (locally) minimizing the cost functional
(q(to),z(to)) = (go,z0) € Q x X, for all switching

manifolds it is assumed that,, ;(z(to), o) # 0 Vi € Q. 00 ) J(u,w) (5)
Note that these assumptions are important for the existence ) o . o e e
of a unique execution of the hybrid system and for théfad o an optimal execution” = (7*, ¢, 2", u",w"), such
existence of an optimal control. that the fpllowmg cond|t|9ns are satlsﬂegl:
Definition 2: An execution of a hybrid system is given 1) The differential equations (2) are fulfilled.
by o = (1,¢,2,u,w), wheret = (tg,....,txy41 = t.) iS @ 2) There exists an optimal, absolutely continuous adjoint
strictly increasing sequence of initial, switching, andafin process\* such that:
times with N switchings andg = (qo,...,qn) denotes a e T L .
sequence of discrete states. The terms: (24, ..., gy ) iS A= Vel (1) aet €ty tin), €10, N} (6)
a sequence of absolutely (left-) continuous state trajisto  The following boundary conditions hold for*:

xq, ¢ [tj,t41) — Ay, evolving according to: a) Terminal condition:

in = qu (ij (t)v Ug; (t)7 t) 2 A (te) = VmgT(CL’* (ﬁe)) (7)



b) Ifattimet;, j € {1,..., N}, an autonomous transition the corresponding discrete states, and the Hamiltoniareval

on mgr_, ¢:(27(t;),t;) = 0 with ¢f_,,¢; € Q is
triggered, then:
N (t7) = Vo | g (@ (t7),85) X (t;)
+Vamg: | (2" (t7) t5) 75 (8)
with constant and optimal multipliers; € R.

c) Ifattimet;, j € {1,..., N}, a controlled transition to
discrete state; € Q is triggered, then:

N(5) = Vag g (@715 1) X (1) - (9)
3) The Hamiltonian has to fulfill the following conditions:

a) If at time t;, j € {1,...,N} the system switches
autonomously fromy;_, to gj, then:
Hq;f,l(tj_) = Hq;* (tj) — ”;vtmq;f,l,q;‘
=Nt Vepar_ar -

b) If at time ¢;, j € {1,..,N} the system switches
controlled fromg;_, to ¢;, then:

(10)

Hyr (t7) = Hy: (t;) = X7 (8)Vipgs g7 - (11)
¢) The minimization condition with respect tg., ¢; €
Qis: ’

Hez (27 (), (1), ugs (), 1)

< Hy (2% (0),A"(1),0,0) (12)

for a.e.t € [t;,tj+1), j € {0,..., N}, and for every
NS Uq"_‘.

The minimization condition with respect 0, €
Qq;, q; € Q, isVk € Q with F(q}‘,x(t),wq;) =k
andI'(k, z(t),wx) = q; for wy, € Q!

Hgp (27 (1), A" (#), ug: (1), 1)
< Hi(zx(t), A\ (8), v, 1) — A*T(t)vt%,q; (zr(t),1t)
(13)

for a.e.t € [tj,t;41), j € {0,...,N}, for everyv €
Uk, and with zy,(t) = @q: k(2" (t), 1) and Ay (t)

Voo g (1), ) A (8):
In the following, a sketch of the proof is presented.

d)

|

Since
the proof is strongly based on the scheme used in [16],t;-:

condition for autonomous switchings (10) and the adjoint
transversality conditions between discrete states (8)(and
This is proved by propagating small variations in the state
trajectory caused by needle variations in the controls @& th
current discrete statgto the terminal time and state. (c) The
Hamiltonian value condition (11) for controlled transit®is
derived by a needle variation in the switching time, which
is also propagated to the final time. (d) The Hamiltonian
minimization condition (13) with respect to the discrete
controlw; results from applying a controlled needle variation
to the discrete contrab; and propagating the variations in
the continuous state trajectory to the final time.

Proof: 1. Propagation of Variations Through Switch-
ings: Let the sequencée’}2, be monotonically decreasing
with € > 0 andlim;_ . € = 0. Now, it is analyzed how
a needle variation in the optimal input trajectary at the
Lebesgue point, € [t;_1,t;) in discrete statg — 1 < N
changes the optimal terminal cogtxz*(t.)). The case that
a variation leads to a change in the discrete state sequence
is excluded by assumption since the tieieof the variation
can be chosen arbitrarily small. The variation is set up as
follows, compare Fig. 1:

u*(t)  to<t<t,—¢
v t, —et <t<t,
ut)y =4 Wi () t<t<t;—d& . (14)
k
Uj(tj) tj—(S;- §t<tj
u*(t) t; <t<t.

wheret, € [t;_1,t;), v € U;_1, anduj(t;) is assumed to be
a regular Lebesgue point (otherwise use the left-contiauou
replacement of the measurable functiof). It is assumed
that the perturbed trajectory hits the switching manifold
mj—1,j at timetj — 5;1

A I(t) mjij(tj*(Si-)‘ :

ty —é to

only those parts are shown, where a significant deviation
from the mentioned work exists. The proof consists ofig- 1. Optimal and perturbed state trajectory with corresiing perturbed

propagating needle variations in the controls at arbitrary

continuous control trajectory.

time in the tangent space around an optimal solution 10 45 ing defined the perturbed continuous control trajectory
the end time. Suppose an optimal solution passes the dis- {he resulting difference between the perturbed and the

crete state sequenéel, 2, ..., N, where switching occurs in

optimal trajectorydxi(t) := xi(t) — x*(t), Vt € [to,t.] and

ty,ts,...,tn. The overall structure of the proof is as follows:the quantity£(t) := lim; €(1) = limy_oe L0a (1) are
= 1—00 T 1—>00 ¢t

(a). TO prove thg Hamilto.n minimization cond.itilon (12), theinvestigated furthermore. Before applying the variatiothe
adjoint differential equation (6), and the adjoint bounydar yisturbed and the optimal trajectory coincides(t) = 0
condition (7) in theN-th discrete state, a needle variation, [to,t, — ). While the variationv of the optimal
. . . . ) .

in that state is performed. The derivation can be _foun putu’_, () is active for the time intervalt, —€t,), the
in [16]. (b) Now, step-by-step, one has to go back in the
c_ilscrete ?t_ate sequence to S.hC.)W the Ham'ltoman_m'r_"m'za'llf the perturbed trajectory arrivesy;_ ; at timet; + 6; the same
tion condition (12) and the adjoint differential equati@) {n  results follow. This is not shown here due to space restrieli



difference between the optimal and the perturbed trajgctowhich gives the variatiodz®(t;) = x*(t;)—z*(t;). By using

att =t, is: (23) and by observing that
oa (1) = tﬂl(()7ﬂ—E4@W%@10 t)dt. wW%—%Y%-*VW+%%v—%r>
- as) (/1L L 0050, 0+ ole!) (29

Rewriting (15), dividing bye' and forming the limit, the holds, the equivalence
equation below follows:

t]
e Jim 5, e @5 5), 9.t =
E(ty) = lim — [ fi_1(2"(t),v,1) imooet Jy, 5t 7
i—o0 € tu_si
e (@), (0), 1) de lim /‘L (t5).)
1t ; .
+ im0 = fia o 0,00 de ~ Bl @t = 87 )ty = 81), w1, ) de
= fjfl(x*(tv)uﬂatv)_fjfl(‘r*(tv)vu;fl(tv)ﬂﬁv)‘ /f] Pj— 1] —5;-)7),%'_6§)7U;(tj),t)dt)
(16)
The second integral in (16) is zero as statelemma 2.Iin ~ _ 15, = /f] % 14 _ 5;‘,)7)7@, _ 5;‘,),@(15],),15) dt
[16]. The proof of the lemma makes use of an apprOX|mat|on i—00 €
of §zi(t), t € [t, — €', t,), valid for smalle’: (21)
A }g& - fg(% 1 (@"(t5), ), uj (L)), t5) (25)
@M (6) = Vafja(a (0w (0),1) 021 is shown withLemma 2.1in [16]. This leads to:
+Vuf-,1($*(t)7u*, (t)at) 5“'71(15) .
ﬁ N ’ E(t;) = lim ~5a'(ty)
+o(€) + o([|duj—1 1) an i—voo €
i iy (22),(23),(25) 1 ! iy— i
oty —€) =0, (18) 2 tim = (0@ (- )7ty — 6))
wheredu; 1 (t) := v—uj_,(t). Furthermore, the proof of the — i1 (tj_),tj)
lemma as well as the proof here need the concept of a state _ _
transition matrix®; (7, ), that transports small deviations /fJ <p] 1,i(z —0;)7 ),y —65),uj(ts),t) dt)
from the optimal trajectory:* along its tangent space from
time 7y to some timer > 7g: (23),(24),(25) 1 -
"y o Lmé(ijuuwz»m
— &, (1,719) = Vaufi(@® (1), u; (1), 7) ;i (7, 7 19 i P ti y .
05 m0) = Vafy(a° (7),u5(7). 1) By (r.70)  (19) 325 = 88)) = [ a0, 010, 6]
with the initialization®; (o, 7o) = 1. Ll
Now, the variationyz®(t,) is propagated by the transition + Vigj1,; (2" (t5), ;) (—65)
matrix until the switching manifoldn;_q ;(z(t),t) = 0 is + 5 fj(a:*(tj),u;(tj),tj))

reached, what happens at tirhe— 6}

I
52 ((t) = 67)7) = D1 (t; — 0}, t,) 67 (£,) + ole') (20) - vz@“§f<w(“”’“)5“j)
and the direction of the variation is: + hm *<fa( (), uj (), )
§(6) = im0 (8 — 69)7) = ;1 (15, t.) €(t). VMaw () ) il (8), wGoa () )
e (21) = Vipj—1,5(x"(t; ), tj)) : (26)

Here, the varied state’((t; — 6%)~) jumps and evolves The ti'me shiftd? in the'swit.ching timet; is found by the
further with the dynamics in discrete stajeand control following Taylor approximation:

*(t;) until the optimal switching time; is reached: i iy— i g
4 (ta) P g tme; mj1 (0 (8 = 8)7)ty = ) =m0 ()8

' (tj) = pj-1(@'((t; = 85) 7). t; — 55) + Va1 (2" (t7), 1) (827 ((t; — 05)7)
L i 5 fi—i(z (_)>U* 1(t5), t]))
+ Ji(@'(t), uj dt . (22) J= ‘
l;@-<(> )0 Vi@ ()t) (—8) +ole),  (@D)

The optimal continuous state just after the switching tise iwhich leads to

T (t5) = j-1,5(@"(t;), ), (23) 85 =1 Vamj—1;(x*(t7),t;) 0x'((t; = 85)7)  (28)



with m 1 (2*(t5 ), t5) = mj_1 (2" ((t;—0%)7),t;—0%) = 3. Hamiltonian Value Condition: In the case of au-
L and the short notations tonomous switching, the Hamiltonian value condition (10)

0, m; = Vemy—1 1 )+ Vim, -

ficaty) = fia@r(t)),u)_ 1(tj) t;) and m;_,; = can immediately be shown by applying the definitions of
my_1 (@ (t7),t;). Defining p;_1; == ;1 ;(a*(t:),t;) M Aty ), and A(t;) and regrouping terms in (33). In the
and fj(tj) — fJ( *(t;),u’(t;),t;) and inserting J(28) in case of controlled switching, an approach is required, Wwhic
(26), the direction of the vjarlatlon is finally derived gt differs from the previous one with a needle variation in the
continuous control. Restricting w.l.o.g. the investigatito

E(t;) = (v$gpj_1’j +1; [fj(tj) —Vapj—1fi-1(t;) one controlled switching time ifg, t.], @ needle variation

in the optimal switching time; is applied, such that the

- Vt@ja,j}vzqu,j)f(fj—)~ (29)  perturbed switching time i, — ¢* and the corresponding

continuous control is:
The termé(t;) is transported to the next switching timg ;:

US(t) to <t<ti—e
§(ti41) = 5(t41,15) E(E5) (30) Wit)=4{ ui(ty) ti—e<t<t, . (37)
1)

and further until the final time, is reached with the direction tist<ti

of the variation{(¢.).
2. Hamiltonian Minimization Condition: Here, for sim-
plicity, the details of the propagation of variations are re

With z¢((t; — €)~) = 2*((t; — €')7), this variation leads

stricted to the case of one switching time, but the condition i (t) = ¢071(mi((t1 —€)7),t; — €Y

can be extended to multiple switchings straightforwardly. t ‘

Thus,t; = t. and the single switching time is denoted y + [ fi(@'(t),ui(t1),t)dt (38)
Sincez* is an optimal trajectory, any perturbed trajectafy t—et

in a certain neighborhood has to lead to greater or equal z*(t1) = wo,1 (™ (t1), t1) - (39)

terminal costsg(z'(t2)) > g(x*(t2)). Since the terminal
. Expressmg the varied switching point'((t; — €)~) by
costs g(x(t2)) are assumed to be at least contlnuously*(tl) T foa* (1), (), ) dt and using agaihemma

differentiable, the operation below is well defined: 2.11in [16], the direction of the variatiog(¢;) is obtained:

: 1 * 7 _ *
dm 5 Lo () + €€(t2)) — 9(a” ()] E(1) = — Vatgo. (" () 1) fola (1), (1), 1)
= V.g(z"(t2)) {(t2) = Vipo (@™ (), t1) + fr(@™(t1), uy(t1), t1) -
= Vmg(x*(t2)) cbl(t% tl) g(tl) > 0. (31) (40)
Considering (29) and (31) and setting This results in the final valug(ts) = ®1(t2,t1) {(¢1). Due to
. the optimality ofz*, we again have(x?(t2)) — g(z*(t2)) >
N (th) = Vag (2™ (t2)) @1 (t2, t1) 32) . Dividing the relation bye‘ and passing to the limit, the
T = T]lvﬂg(ﬂf*(t2)) (I)l(tg,tl) fO”OWing holds:
<f1(751) — Vaepo,1fo(ty) — Vt¢0,1> , (33 Vg @1 (t2,t1) Vo foltr)
the adjoint transversality condition (8) for autonomous < Vag @i (t2,t1) (f1(t1) = Vigo,1) , (41)

switching is found:
g with AT (t7) = V,g®i(ta,t1) Voo and AT(t1) =

Aty) = Vb1 A1) + Vam 7 . (34) V.g®i(ts,t1). When the same steps are repeated with a
perturbed switching time; + €, a similar relation with

This condition specializes to (9) in case of controlled stwit opposite signs is obtained:

ing, since the varied trajectory’ does not lead to a change

03 in the controlled switching time,. Inserting (16), (21), M) foltr) = AT (t1) fr(t) = AT (t1) Vipor . (42)

and (29) in (31) and defining(t,) = ®F (t1,t,) A(t;), the

adjoint differential equation (6) is derived From the two relations, we can conclude the Hamiltonian

d value condition (11) for controlled switching:

AMty) = — DL (t1, 1) A7)
dty 1 N(E7) folt) = N (01) fa(t) = X' (#2) Vo - (43)

= - wag(tv) (bg(tlvtv)A(t;) . . L . .
= VLT () A(t) (35) 4. Hamiltonian Minimization with Respect to the
wJ0 At v Discrete Control: To show condition (13) in discrete state
and the Hamiltonian minimization condition fox € [to,t;) Jj, @ needle variation in the optimal discrete contdl is

results: performed. The needle variation consists of switching from
. . . . . discrete statg to k € Q with controlw; € 2, at timet;, — €'
AT (o) fo(a™ () v,t0) 2 A7 (80) folz™ (t0), up(t), o) - and back tgj at timet,,. This is possible since by assumption

(36)  there existsw, € €, such thatl'(k, x(t),wr) = j, and



N +2 < N < . Let the varied discrete control sequencevhereu € Uy, a € RT, b € N, b > N, = 2, andr is the

be w’ = (...,w,w;, ...) and the continuous control: physical time added as state variable. A gear shift, which is
| w(t) to<t<ty—é a co_ntrolled SWIICE’ is modeIer abitractly br?{ a jump |.n the
Wt =14 v e <t<tp . (44) continuous state = («,y,v,7)" at the switching time:
u (t) tp <t <t a(ty) + Aa
The varied state at timg, is: z(ty) = pra(z(ty)) = y((tll ) +) 5(7;(_% ) (53)
, , , ' —€)ully
' (tg) = ¢k,j (<pj7k(ac*(tk —€e),tp —€") T(t7) + AT
tk i o —dAT T P
i with e := 1 —¢ and Ao, A7,d € R*. The initial
+ tr{’f(x (), v.1) dt, tk) ' (45) conditions areg(ty) = 1, a(to) = y(to) = v(to) = 7(to) =

0, andtg = 0. The final timet,, is set tol — A7 in the case

The optimal state at timg, can be written as: ) . )
: & of one switch and if no switch occurs, such that(t.) = 1.

2 (ty) = on; (e(@ (ty — €),ti, — ), tp — €') 2. Model Derivation: The terminal costs (49) require a
tk i . combination of minimizing fuel consumption and maximiz-
+ . [i(a™ (), uj(t), ) dt . (46) ing the traveled distance. The running costs (50) penalize
k—€’

o o : . . ; engine torque and driving with high engine speeds, such
Dividing the variationa(ty) = () — x" (1) by ¢ and  hat driving in a higher gear is more efficient. The possible
forming the limit, the direction of the variation is derived 5cceleration in (52) decreases with the gear number. A gear

) = lim (v (i (@ (b — €), b5 — €)1 — € shift works as follows: It is assumed that a gear shift takes
£(t) i—00 ( ok (P30 (@" (l )t )t ) the timeAr, such that- jumps at timef;. In the intervalAr,

1 tkf (0 1 (2" (b — €), b — €), 0,8) dt the dynamics of the car cannot be controlled since the clutch
€t tk,j Yok F Pk I is open. Consequently, only friction with friction coefécit
+ Vo (0@ (tr — €, — ), t — €) d is acting on the car according to
tr . . ’U = 7d’U . (54)
— | S @0, ) dt) | | | __
th—el Solving (54) analytically, the velocity after the gear $igf

= vxsﬁk,j(@j,k(x*(tk)ytk)ytk)fk(@j,k(z*(tk),tk),U,tk) ObflaAine-d:ertl) |: leidg‘rv(tl_). The hpararlnet-ez :hl —
+ Vion i (@i p(x (), ), tr) — Fi(x* (), (t), ts). € 7 Is the relative decrease In the velocity with a gear
kg (03(@" (b, b)) = F5(” (80), 5 (1) (2)7) shift. Inserting the solution of (54) into (51), the distanc
) L . So(t]), that the car drives in time spahr, is determined.
Following the derivation in part 2 and 3 before and ass.u.mln@,h"e shifting gears, the engine is in idle speed and torque,
w.l.0.g. no further switchings, the relation below is aok g,y that a constant increade: in the running costs occurs.

3. Solution: In the sequel, the optimality conditions (2),
v’I: @ tEat VT N 9’ 7t +v 9
=9 2o k)< P filo kv, be) tcpk’o) (6), (7), (9), (11), and (12) are evaluated and solved for
> Vg @o(te,tr) folte) - (48)  the given HOCP. The optimality conditions (8) and (10) are
With AT(t;) = Vag®o(te,tr) Vapro and AT(ty) = not considered due to the lack of autonomous switching.

V.9 Bo(te, t), it leads to the Hamiltonian minimization The Hamiltonian minimizatioq cqnditi'on with respect to the

condition (13) with respect to the discrete control.  m discrete state (13) is not \{alld in this example. The proof
of (13) needs the assumptiar(t) = ¢1,2(¢2,1(z(t))), see

IV. EXAMPLE Assum.1(f), which is not satisfied here. The reason is that

1. Hybrid Optimal Control Problem : An example with the costs, distance, velocity, and time jump at each geéir shi
controlled switching and resets is given for illustratigh. according to (53) independently of the choice of gears.

car with longitudinal dynamics and two gears is modeled, The adjoint conditions (6), (7), and (9) for one switch are:

whereq € {1,2} denotes geary position, v velocity, and : T
u control and engine torque. The HOCP in Mayer form A(t) = (0 0 —(b—qAalt) = Ay(t) 0)
consists in finding a solution with at most one gear shift, 1 Aa(t1)
which minimizes the terminal costs: _ A
M) = | L A = y(t)
g(z(te)) = alte) — yy(te) (49) 0 (I —e)Au(t1) + GAy(t1)
0 )\T(tl)

with the accumulated running costsand~ € R*. . r . -
The continuous dynamics of the hybrid system are ~ With A = (A Ay A, A;)". Evaluating the conditions, one

] obtains for allt € [tp,t.] that \o(t) = 1, Ay (t) = —,
&= au+(b-q (B0) A (t) = 0, and Ay (t) = Mo(ts) + (b — g — 7)(ts — t) with
Y= (®1) ¢, =t.if ¢ =2 andts = t] if ¢ = 1. Since the control
b= (b—q)u (52) u(t) enters the Hamiltonian

=1, Hy = Xa(au+ (b—q)v) + Ayv + Ay (b— qu + A,



only linearly, the minimum o#,(¢) is obtained if the control
u(t) takes values on the boundaries of the admissible setg;
U, =10,1], g € {1,2}, compare (12):

a
t) = f o(t) > — [2]
u(t) =0 or A\(t) > -
3
w(ty =1 for A(t) < ——*—. Bl
b-a 4
Assuming constant controlg,, ¢ € {1,2}, the state trajec- 5
toriesy andv are given by: 5]
y(t) = y(t,) + ('U(tr) —t.(b— Q)Uq)(t —t) [6]
1
+ S (b—q)(t* = t2)ug
2 7]
v(t) = v(ty) + (b — q)(t — tr)uy

with t,. = ¢, if ¢ = 2 andt,. = ¢y if ¢ = 1. Finally, the  [g]

Hamiltonian value conditiorf; (t; ) = Ha(t1) from (11) for
switching fromg = 1 to ¢ = 2 is solved numerically for the [9]

switching timet;. Witha = A1 =Aa=0.1,d=1,b =5,
and~ = 3, the optimal switching time; = 0.26 and the [10]

optimal costsy(z(t.)) = —0.0857 are obtained withu; (t) =
1 for t € [0,0.26] and uz(t) = 0 for ¢ € [0.26,0.9], see [11]

also Fig. 2. It can be verified that the discrete state seguenc
g = (1,2) is optimal, when comparing with the optimal costs*!
g(z(t.)) = 0 > —0.0857 in the case that the discrete state

is 1 in the entire time intervalo, 1]. In this case, the optimal [13]
control u; is zero fort € [0, 1].
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[15]
[16]

[17]

(18]

Fig. 2. Optimal positiony(7) (blue, solid) and velocity(7) (red, dashed)

over timer.
[19]

V. CONCLUSIONS

The paper introduces a hybrid minimum principle for time-[
varying hybrid systems with jumps of the continuous state
at autonomous and controlled switchings. The version of they,
hybrid minimum principle enables us to find optimal controls
with indirect methods for robotic scenarios in dynamic
environments with impacts, where the velocity jumps angz]
the impulse of the system remains continuous. In future,
indirect optimal control algorithms based on the novel kybr [23]
minimum principle will be developed. [24]
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